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AVANT-PROPOS

This handout is a detailed course covering the official program of the Distributions

Theory, primarily intended for students in the first year of the Master’s program in

Mathematical Analysis and Applications within the framework of the L.M.D. sys-

tem. However, it may also be beneficial for students in the first year of the Master’s

programs in Partial Differential Equations, Stochastic Modeling and Forecasting in

Operations Research, and Dynamic Systems and Geometry.

The recommended prerequisite knowledge includes: measure and integration the-

ory, the concept of derivative in the classical sense, Taylor’s formulas, sequences and

series of functions.
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INTRODUCTION

The main goal of this course is to introduce the student to the theory of distributions.

At the end of each Chapter, you will find a selection of typical exercises with

detailed solutions, written progressively and in detail to help the student become

familiar with new concepts and ensure the proper assimilation of key points.

The function spaces, which are almost essential ingredients for presenting the

theory of distributions, are introduced in the first Chapter.

In Chapter two, we introduce the concept of distributions. We define the deriva-

tive of a distribution and demonstrate that any distribution can be differentiated an

arbitrary number of times. We provide several examples of distributions and their

derivatives, both on the real line and in higher dimensions.

In Chapter three, we introduce sequences and series of distributions. The concept

of convergence in these spaces and other properties are also presented.

In Chapter 4, we delve into operations on distributions. Several operations de-

fined for functions can be extended in the same way to distributions. We also define

the concept of multiplying a distribution by a C∞ function, which is a crucial ingre-

dient when considering differential equations with variable coefficients. The notion

of the support of a distribution is also presented.
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CHAPTER 1

TEST FUNCTIONS AND

CONVERGENCE IN D(Ω)

1.1 Introduction

In this chapter, we briefly review Lebesgue spaces and their properties. We introduce

the spaces of test functions, smoothing sequences, exhaustive sequences, and the

partition of unity theorem, which will be useful in the sequel.

Chapter Objectives

• Recall some functional spaces and preliminary results

• Understand the various properties of test functions

• Know how to study convergence in the space of test functions
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Chapitre 1

Notation

Let us establish some notations that we will use throughout this course.

− Let x = (x1, · · · , xN) a point from RN and ‖x‖ its Euclidean norm.

− We denote multi-indice the element α = (α1, · · · , αN) ∈ NN .

− |α| = α1 + · · ·+ αN is called the length α.

− We set xα = xα1
1 · · ·x

αN
N for all α = (α1, · · · , αN) ∈ NN .

− For all multi-indices α and β, then

α 6 β ⇔ αi 6 βi, ∀i ∈ {1, · · · , N}.

− Let α! = α1! · · ·αN ! for α = (α1, · · · , αN) ∈ NN

− (x+ y)α =
∑
β6α

Cβ
αx

α−βyβ =
∑
β6α

α!

β!(α− β)!
xα−βyβ, ∀x, y ∈ RN

− Let f : RN −→ R be a function, for all α ∈ NN

Dαf = ∂αf = ∂α1
x1
· · · ∂αNxN f =

∂|α|f

∂x1
α1 · · · ∂xNαN

.

− Leibniz’s formula:

Dα(f · g) =
∑
β6α

Cβ
αD

α−βfDβg.
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

1.2 Recalls on Lebesgue Spaces Lp

Let Ω be an open set in RN .
1.1 Definition
L1(Ω) is the space of measurable functions f : Ω→ R such that∫

Ω

|f(x)| dx <∞.

1.1 Theorem (Tonelli’s Theorem)

Let Ω′ be an open set in RN , and let f : (x, y) ∈ Ω × Ω′ 7→ F (x, y) be a

measurable function. We assume that:

1)
∫
Ω′
|f(x, y)| dy <∞ almost everywhere in Ω.

2)
∫
Ω

(∫
Ω′
|f(x, y)| dy

)
dx <∞.

Then, f ∈ L1(Ω× Ω′).

Proof. See [12].

1.2 Theorem (Fubini’s Theorem)

Let Ω′ be an open set of RN , and let f : (x, y) ∈ Ω × Ω′ 7→ F (x, y) be a

measurable function. If f ∈ L1(Ω× Ω′), then

1)
∫
Ω′
|f(x, y)| dy <∞ almost everywhere in Ω,

2)
∫
Ω

(∫
Ω′
|f(x, y)| dy

)
dx <∞,

and

3)
∫
Ω

|f(x, y)| dx <∞ almost everywhere in Ω′,

4)
∫
Ω′

(∫
Ω

|f(x, y)| dx
)

dy <∞.
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

Moreover, we have

∫
Ω

∫
Ω′

|f(x, y)| dy

 dx =

∫
Ω′

∫
Ω

|f(x, y)| dx

 dy. (1.1)

Proof. See [12].

Remark 1.1. In the particular case where f is positive as soon as one of the integrals

in (1.1) is finite, then f ∈ L1(Ω×Ω′). If f has any sign (and f is not in L1(Ω×Ω′)),

the integrals in (1.1) can be finite without being equal.

Example 1.1.

1∫
0

 1∫
0

x2 − y2

x2 + y2
dy

 dx =
π

4
and

1∫
0

 1∫
0

x2 − y2

x2 + y2
dx

 dy = −π
4
.

1.2 Definition (Lebesgue space Lp)

1) Let 1 6 p < ∞, Lp(Ω) is the space of measurable functions f : Ω → R

such that
∫
Ω

|f(x)|p dx <∞

2) L∞(Ω) is the space of measurable functions f : Ω → R essentially

bounded,i.e., exists a constant C > 0 such that |f(x)| 6 C, almost

everywhere x ∈ Ω.

1.3 Theorem
Let 1 6 p 6∞, Lp(Ω) is a Banach space with respect to the norm

‖f‖Lp(Ω) =

∫
Ω

|f(x)|p dx

 1
p

, 1 6 p <∞,

where

‖f‖L∞(Ω) = sup ess|f | = inf {C > 0; |f(x)| 6 C a.e x ∈ Ω} .
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

Proof. See for example [2, 3, 5].

1.4 Theorem (Hölder’s inequality)

Let p and q two conjugate exponents such that 1 6 p, q 6 ∞. If f ∈ Lp(Ω)

and g ∈ Lq(Ω), Then fg ∈ L1(Ω) and we have

‖fg‖L1(Ω) 6 ‖f‖Lp(Ω)‖g‖Lq(Ω).

In the particular case where p = q = 2, we obtain Cauchy-Schwarz in-

equality

‖fg‖L1(Ω) 6 ‖f‖L2(Ω)‖g‖L2(Ω).

Proof. See [3, 5]

The Dominated Convergence Theorem states that∫
lim

n→+∞
fn = lim

n→+∞

∫
fn,

when (fn)n∈N is a sequence that is simply convergent of integrable functions domi-

nated by a positively integrable function g in the following sense

|fn| 6 g, ∀n ∈ N.

The fact that it is sufficient to have a simple convergence of the sequence (fn)n∈N to

f represents significant progress compared to statements encountered in the context

of the Riemann integral. In general, the Dominated Convergence Theorem is of

great practical utility.

1.5 Theorem (Dominated Convergence)

Let (fn)n∈N a sequence of L1(Ω), such that

1) (fn)n∈N converges almost everywhere in Ω to f .

2) There exists a function g from L1(Ω) such that |fn(x)| 6 g(x) almost

everywhere in Ω for all n ∈ N.

10 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces Lp Chapter 1

Then (fn)n∈N converges to f in L1(Ω), i.e

lim
n→+∞

∫
Ω

|fn(x)| dx =

∫
Ω

|f(x)| dx.

Proof. See [12].

Example 1.2.

Let’s determine the limit as n tends to infinity of the sequence (un)n>1 defined by

un =

√
n∫

0

(
1− t2

n

)n
dt.

For all n > 1, we have

un =

∫
R

χ[0,
√
n](t)

(
1− t2

n

)n
dt.

Let’s set

∀t ∈ R, fn(t) = χ[0,
√
n](t)

(
1− t2

n

)n
,

then for all fixed t ∈ R, (fn)n∈N tends to the function f defined by

e−t
2

χ[0,+∞[(t),

Furthermore, for all n > 1 and t ∈ R

1− t2

n
6 e−

t2

n ,

so,

|fn(t)| 6 e−t
2

,∀t ∈ R,∀n > 1.

The function e−t
2 is independent of n and integrable on R. We can apply the Dom-

inated Convergence Theorem to (fn)n>1 to obtain

lim
n→∞

un =

∫
R

lim
n→∞

fn(t) dt =

+∞∫
0

e−t
2

dt =

√
π

2
.
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

1.6 Theorem (Dominated Convergence in Lp(Ω))

Let 1 6 p < +∞ and (fn)n∈N a sequence of Lp(Ω). Assume that

i) fn → f almost everywhere in Ω.

ii) There exists a function g ∈ Lp(Ω) such that for all n, ‖fn‖Lp(Ω) 6 g almost

everywhere in Ω.

Then fn → f in Lp(Ω), i.e ‖fn − f‖Lp(Ω) → 0 when n→ +∞.

Exercise 1.1.

1) Prove Theorem 1.2 using the sequence of functions hn = |fn − f |p.

2) By considering the sequence of functions (fn)n∈N defined on R by

fn(x) =


nx if |x| 6 1

n
,

0 if x >
1

n
.

Show that the Dominated Convergence Theorem is not true in L∞(R).

1.3 Definition (Support of a Function)

Let ϕ a real function defined on an open set Ω ⊂ RN . The support of ϕ is

the set denoted by supp(ϕ) and is defined as

supp(ϕ) = {x ∈ Ω : ϕ(x) 6= 0}

The support of ϕ is then the smallest closed set in RN outside of which the

function ϕ is zero.

Example 1.3.

1. Let’s consider the indicator function on the interval [0, 1], denoted as

f(x) =

1 if 0 6 x 6 1

0, otherwise.
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

The support of this function is the closed interval [0, 1], as it is nonzero only

within this interval.

2. The Gaussian function f defined by

f(x) = e−x
2

,

has its support as the entire real number line −∞ < x < +∞ as it’s nonzero

everywhere.

3. Consider the function f defined as follows

f(x) =

sin(x) if 0 6 x 6 π,

0 otherwise.

The support of f(x) is [0, π].

Example 1.4.

The support of a function is a fundamental concept, especially in analysis and inte-

gration theory, as it helps determine where a function has significant contributions

or where it is essential for integration and other operations.

1.7 Theorem (Dual of Lp(Ω))

Let p ∈ [1,∞[ and q are Hölder conjugates. Let T defined as follows

T : Lp(Ω) −→ R

f 7−→ T (f).

be a linear continuous form. Then there exists a unique function g ∈ Lq(Ω)

such that

T (f) =

∫
Ω

gf dx, ∀f ∈ Lp(Ω).

Furthermore, we have

‖g‖Lq(Ω) = ‖T (f)‖(Lp(Ω))′ = sup
f∈Lp(Ω)

f 6=0

|T (f)|
‖f‖Lp(Ω)

.
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1.2 Recalls on Lebesgue spaces Lp Chapter 1

We will now recall a density result for the Lp spaces. Let Cc(Ω) be the set of

functions ϕ : Ω −→ R that are continuous with compact support, which means there

exists a compact set K ⊂ Ω such that ϕ = 0 on Ω\K.

1.8 Theorem (of density)

Cc(Ω) is dense in Lp(Ω) for p ∈ [1,∞[, i.e., for all f ∈ Lp(Ω) and every ε > 0,

there exists ϕ ∈ Cc(Ω) such that ‖f−ϕ‖ < ε, or in other words, there exists a

sequence (ϕn)n ∈ N in Cc(Ω) such that ‖f −ϕn‖Lp(Ω) tends to 0 as n→ +∞.

Proof. See [2, 3, 5].

Remark 1.2.

Cc(Ω) is not dense in L∞(Ω). In fact, let f(x) = 1 on Ω. Then for any function

ϕ ∈ Cc(Ω), by setting K = supp ϕ, we have

‖f − ϕ‖L∞(Ω) > sup
x∈Ω\K

|f(x)− ϕ(x)| = sup
x∈Ω\K

|f(x)| = 1.

1.4 Definition
Let 1 6 p 6 ∞. Lploc(Ω) It is the set of measurable functions f such that

for all compact sets K ⊂ Ω, fχK ∈ Lp(Ω). The function χK is the indicator

function of K defined by

χK(x) =

 1 if x ∈ K,

0 if x /∈ K.

Remark 1.3.

Lploc(Ω) ⊂ Lqloc(Ω), pour 1 6 p 6 q 6∞.

1.5 Definition (Convolution Product)

Let f ∈ Lp(RN) and g ∈ Lq(RN) where 1 6 p, q 6∞ and
1

p
+

1

q
− 1 > 0.

14 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

The convolution product of f and g is the function defined on RN by

f ? g(x) =

∫
RN

f(y)g(x− y) dy =

∫
RN

f(x− y)g(y) dy.

1.9 Theorem (Young’s Inequality)

Let f ∈ Lp(RN) and g ∈ Lq(RN) where 1 6 p, q 6 ∞ Then f ? g ∈ Lr(RN)

where
1

r
=

1

p
+

1

q
− 1 and

‖f ? g‖Lr(RN ) 6 ‖f‖Lp(RN )‖g‖Lq(RN ).

1.3 Space of Test Functions

1.6 Definition (Space of Test Functions)
A function ϕ : Ω→ C is a test function if it satisfies the following properties:

1) The support of ϕ, denoted as suppϕ, is compact.

2) ϕ is of class C∞ on Ω.

The space of test functions in Ω is denoted as D(Ω).

Let K be a compact subset of Ω. We denote DK(Ω) as the space defined by:

DK(Ω) = {ϕ ∈ D(Ω) | supp ϕ ⊂ K}.

Remark 1.4. The space D(Ω) is not limited to the zero function; otherwise, there

would be no purpose in constructing an empty space.

Example 1.5. Let ψ : R −→ R be the function defined as follows:

ψ(x) =

e
− 1

1−x2 if x ∈ (−1, 1),

0 if x /∈ (−1, 1).

15 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

The function ψ belongs to D(R) (See exercise 1). If we replace x on the right-hand

side with ‖x‖ =
√
x2

1 + · · ·+ x2
N , we obtain the function:

ϕ(x) =

e
− 1

1−‖x‖2 if ‖x‖ < 1,

0 if ‖x‖ > 1.

ϕ is defined on RN and belongs to D(RN).

1.1 Property
1− Functions in D and their derivatives are bounded and integrable on Ω.

2− Equipped with the usual operations, D forms a vector space over Ω.

3− The product of a C∞ class function by a function from D is a function

in D.

4− The derivatives of a function from D are also functions in D.

5− When Ω = RN , for a and λ in RN , we define the translation τaϕ and the

dilation πλϕ of the function ϕ as follows:

τaϕ(x) = ϕ(x− a), x ∈ RN ,

and

πλϕ(x) = ϕ
(x
λ

)
, x ∈ RN .

If ϕ is a function from D, then τaϕ and πλϕ are also in D.

1.3.1 Convergence in D(Ω)

D(Ω) is not a Banach space; it is a Fréchet space (locally convex, metrizable, and

complete). In the context of this course, we only need to consider the concept of

convergence in this space.
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1.3 Space of test functions Chapter 1

1.7 Definition (Convergence in D(Ω))

A sequence of functions (ϕn)n∈N converges to ϕ in D(Ω) if there exists a

compact set K ⊂ Ω such that

1) ϕn ∈ DK(Ω) for all n ∈ N and ϕ ∈ DK(Ω).

2) Dαϕn converges uniformly to Dαϕ on K for all α ∈ NN , i.e.,

∀α ∈ NN , lim
n→+∞

sup
x∈K
|Dαϕn(x)−Dαϕ(x)| = 0. (1.2)

Remark 1.5. In the case N = 1, Ω ⊂ R, (1.2) becomes

∀k ∈ N, lim
n→+∞

sup
x∈K

∣∣ϕ(k)
n (x)− ϕ(k)(x)

∣∣ = 0.

Example 1.6. Let f ∈ D(R), and for n ∈ N?, the sequence (ϕn)n is defined by

∀x ∈ R, ϕn(x) = f

(
x+

1

n

)
− f(x).

To study the convergence of ϕn in D(R), let’s first examine pointwise convergence

on R. Consider a fixed x ∈ R:

lim
n→+∞

ϕn(x) = lim
n→+∞

f

(
x+

1

n

)
− f(x) = 0.

Then, (ϕn)n converges pointwise to 0 on R. As f ∈ D(R), there exist a and

b ∈ R such that supp f ⊂ [a, b], so supp ϕn ⊂ [a− 1, b].

By the Mean Value Theorem, for any k ∈ N and x ∈ R, we get∣∣ϕ(k)
n (x)− ϕ(k)(x)

∣∣ =

∣∣∣∣f (k)

(
x+

1

n

)
− f (k)(x)

∣∣∣∣ 6 1

n
sup
x∈R

∣∣f (k+1)(x)
∣∣ ,

So,

lim
n→+∞

∣∣ϕ(k)
n (x)− ϕ(k)(x)

∣∣ = 0.

(ϕ
(k)
n )n converges uniformly to ϕ(k) on R for all k ∈ N. Then, (ϕn)n converges

simply to ϕ in D(R).

1.3.2 Regularization

17 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

1.8 Definition (Regularizing Sequence)

(ρn)n∈N from RN is a regularizing sequence if, for all n ∈ N:

1) ρn > 0,

2)

∫
RN

ρn(x) dx = 1,

3) supp ρn ⊂ B(0, εn) with lim
n→+∞

εn = 0.

Remark 1.6. Using the function ϕ from example 1.5, we can construct an infinity

of test functions. For a sequence εn that is strictly positive and tends to 0 (for

example, εn =
1

n+ 1
), we define

ρn(x) =

ϕ

(
x

εn

)
∫
RN

ϕ

(
x

εn

)
dx

.

One can easily verify that ρn satisfies the conditions of Definition 1.3.2.

Exercise 1.2.

1− Verify that (ρn)n∈N converges almost everywhere to 0.

2− Is the sequence (ρn)n∈N convergent in L1(RN)?

1.9 Definition (Locally Integrable Function)
A function f defined on Ω is called a locally integrable function on Ω if f

is integrable on each compact subset K ⊂ Ω.

The set of locally integrable functions on Ω is denoted by L1
loc(Ω).

So, f is locally integrable on Ω if, for all compact subsets K ⊂ Ω, the product

fχK is integrable on Ω, where χK is the characteristic function of K, which is equal

to 1 on K and 0 outside of K.
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1.3 Space of test functions Chapter 1

1.10 Definition (Convolution)

et f ∈ L1
loc(RN). The function

fn(x) =

∫
RN

f(x− y)ρn(y) dy =

∫
RN

f(x)ρn(x− y) dy,

It is called the convolution of f by ρn, denoted by f ∗ ρn or ρn ∗ f .

1.10 Theorem (Approximation by Regularization)

Let (ρn)n∈N be a given regularizing sequence, and let f be a locally inte-

grable function on Ω. Then the sequence fn = ρn ∗ f satisfies the following

statements:

1) fn ∈ D(Ω).

2) If f ∈ D(Ω), then fn
D(Ω)−→ f .

3) If f ∈ D, then fn
D−→ f .

4) If f ∈ Lp(RN) and 1 6 p < +∞, then fn
Lp(RN )−→ f .

The following lemma shows that the open set Ω can be expressed as a countable

increasing union of compacts.

1.1 Lemma (Exhaustive Sequence)

There exists a family (Ki)i∈N of compacts in Ω such that:

1) For all i > 1, Ki ⊂
◦
Ki+1.

2) Ω =
+∞
∪
i=1
Ki.

3) For all compact K in Ω, there exists i0 > 1 such that K ⊂ Ki0 .

(Ki)i∈N is called an exhaustive sequence.

Proof.

1) ? If Ω = RN , it is enough to take Ki = B(0, i).
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1.3 Space of test functions Chapter 1

? If Ω 6= RN , let’s define for j ∈ N?,

Ai =

{
x ∈ Ω, d(x,CRNΩ) >

1

i

}
, and Ωi = B(0, i) ∩ Ai.

It is noticed that

a) Ai is an open set.

b) Ai ⊂ Ai+1 and B(0, i) ⊂ B(0, i+ 1), therefore Ωi ⊂ Ωi+1.

c) Ωi = B(0, i) ∩ Ai ⊂ B(0, i) ∩ Ai ⊂ B(0, i + 1) ∩ Ai+1 = Ωi+1. Thus

Ωi ⊂ Ωi+1 =
◦
Ωi+1.

d) Ωi ⊂ B(0, i) Then Ωi is compact.

It is enough to take Ki = Ωi, thus Ki ⊂
◦
Ki+1.

2) It is clear that
+∞
∪
i=1
Ki ⊂ Ω. Let x ∈ Ω, then there exist i1, i2 ∈ N such that

x ∈ B(0, i1) and d(x,CRNΩ) >
1

i2
, so x ∈ Ai2 . Putting i0 = max{i1, i2}, we

deduce that

x ∈ B(0, i0) ∩ Ai0 ⊂ B(0, i0) ∩ Ai0 = Ki0 .

3) Let K be a compact subset of Ω. Then K ⊂ ∪
i∈N
Ki ⊂ ∪

i∈N

◦
Ki+1, consequently, one

can extract a finite covering such that

K ⊂
N
∪
i=1
K ′i = Ki0 .

1.2 Lemma (Urysohn’s Lemma)

If F is a closed set in RN andK is a compact subset of RN such thatK∩F = ∅,

then there exists ϕ ∈ D(RN) such that:

1) 0 6 ϕ 6 1.

2) ϕ = 1 in the neighborhood of K (on V (K)).

3) ϕ = 0 in the neighborhood of F (on V (F )).
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Proof.

Let b > a > 0, consider the function f defined on R by

f(x) =

 e
1
x−b−

1
x−a if a < x < b,

0 if not.

f is of class C∞, and the same goes for the function

F (x) =

b∫
x

f(t) dt

b∫
a

f(t) dt

.

Let’s observe that

F (x) =

 1 if x 6 a,

0 if x > b.

The function ϕ given by

ϕ (x1, . . . , xN) = F
(
x2

1 + · · ·+ x2
N

)
,

is of class C∞ on RN and equal to 1 for ‖x‖2 6 a and 0 if ‖x‖2 > b.

Let B̃ ⊂ B be two distinct balls in RN . By performing a linear transformation

in RN , we can construct a function ϕ in D that is equal to 1 on B̃ and zero outside

of B.

LetK be a compact set. There exists a finite number of balls B1, . . . , Bm to cover

K, and we can arrange them in such a way that
m
∪
i=1
Bi ⊂ K. We can even arrange

it in such a way that the balls B̃1, . . . , B̃m, which respectively contain B1, . . . , Bm,

also cover K.

Let ψi ∈ D(RN) such that

ψi =

 1 if x ∈ B̃i,

0 if x ∈ CRN B̃i.

and

ϕ(x) = 1−
m∑
i=1

(1− ψi(x)) .
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Then ϕ ∈ D(RN), 0 6 ϕ 6 1, and ϕ equals 1 in the neighborhood of K and

Suppϕ ⊂ K.

1.1 Corollary (Truncation Function)

Let K be a compact subset of Ω. Then there exists ϕ ∈ D(Ω) such that:

1) 0 6 ϕ 6 1.

2) ϕ = 1 on V (K).

Remark 1.7.

ϕ is called a truncation function or a truncation function subordinate to the compact

set K, and for any function f defined on Ω, the function fϕ has compact support

in Ω, and ϕf = f in the neighborhood of K.

Proof. We choose F = CRNΩ, which is closed, and we apply Urysohn’s lemma.

There exists ϕ ∈ D(RN) such that 0 6 ϕ 6 1 and ϕ = 1 on V (K) and ϕ = 0

on V (F ). We can take an open set. We still need to show that ϕ ∈ D(Ω). Since

CRN (suppϕ) is the largest open set where ϕ = 0, then

CRNΩ = F ⊂ V (F ) ⊂ CRN supp ϕ,

thus

supp ϕ ⊂ Ω.

1.1 Proposition (Exhaustive Sequence with Truncation Functions)

There exists an exhaustive sequence (Ki)i∈N that covers Ω and functions ϕi ∈

D(Ω) such that:

1) 0 6 ϕi 6 1.

2) ϕi = 1 on V (Ki).
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Proof.

We apply Urysohn’s Lemma. There exists ϕi ∈ D(Ω) such that 0 6 ϕi 6 1 and

ϕi = 1 on V (Ki).

1.11 Theorem

Let K be a compact set such that K ⊂
N
∪
i=1

Ωi, where Ωi are open sets. Then

there exist compact sets Ki ⊂ Ωi for i = 1, · · · , N such that K ⊂
N
∪
i=1
Ki.

Proof.

For each i ∈ {1, · · · , N}, there exists an exhaustive sequence (Mij)j∈N such that

Ωi ⊂ ∪
j∈N

Mi,j for i = 1, · · · , N,

then

K ⊂
N
∪
i=1

Ωi ⊂ ∪
j∈N

i=1,··· ,N

Mi,j.

Since K is compact and Mi,j are open sets, there exist a finite number of Mi,j that

cover K, denoted as M ′
l with l = 1, · · · ,m, such that K ⊂

m
∪
i=1
M ′

l .

The following theorem allows us to decompose a function into a sum of functions

with small supports. This process reduces the global study of a function to its local

study.

1.12 Theorem (Partition of Unity)

Let K be a compact subset of Ω, where K ⊂
N
∪
i=1

Ωi with (Ωi)16i6N being a

finite family of open sets included in Ω. Then there exist functions (ϕi)16i6N

such that:

1) ϕi ∈ D(Ω).

2) 0 6 ϕi 6 1.

3)
N∑
i=1

ϕi = 1 on V (K).
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The proof is based on the previous lemma and Urysohn’s lemma.

Proof.

According to the previous lemma, there exist compacts (Ki)16i6N such that

Ki ⊂ Ωi, i = 1, · · · , N, and K ⊂
N
∪
i=1
Ki.

Using Urysohn’s lemma applied to Ki ⊂ Ωi, there exist functions (ψi)16i6N such

that ψi ∈ D(Ωi), 0 6 ψi 6 1, and ψi = 1 on V (Ki) = Ω′i ⊂ Ωi for all i = 1, · · · , N .

Let V =
N
∪
i=1

Ω′i. For all x ∈ V ,
N∑
i=1

ψi(x) > 0.

On the other hand, there exists θ ∈ D(V ) such that θ = 1 on V (K) and 0 6 θ 6

1.

Now, let’s define

ψ0(x) = 1− θ(x) =

 1 if x ∈ CΩV (K),

0 if x ∈ V (K).

For all i = 1, · · · , N , the function

ϕi(x) =
ψi(x)
N∑
j=0

ψj(x)

, i = 1, · · · , N,

belongs to D(Ω) and for all x ∈ V (K), we have
N∑
i=1

ϕi(x) =
N∑
i=1

ψi
N∑
j=0

ψj(x)

= 1.

1.4 Exercises on Chapter 1

Exercice 1.

1) Show that the function ψ : R −→ R defined by

ψ(t) =

 e−
1
t if t > 0,

0 if t 6 0,

is of class C∞ on R.
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2) Let the function ϕ : RN −→ R defined by

ϕ(x) =

 e
− 1

1−‖x‖2 if ‖x‖ < 1,

0 if ‖x‖ > 1.

for n ∈ N?, we define the sequence (ϕn)n∈N as follows

ϕn(x) = n
ϕ(nx)

ϕ(0)
, n ∈ N.

Deduce that ϕ and ϕn belong to D(RN), where ‖ · ‖ denotes the Euclidean

norm

Exercice 2.

Are there test functions ϕ1 and ϕ2 satisfying 1) and 2)? Justify.

1) ϕ1 ∈ D(R) positive and equal to α ∈ R in the neighborhood of 0.

2) ϕ2 ∈ D(]− 1, 1[) where ϕ′2 is positive on ]− 1, 1[.

Exercice 3.

Let (fn)n∈N and (gn)n∈N two sequences defined by

fn(x) =
ϕ(x)

n
and gn(x) =

1

n
ϕ
(x
n

)
.

where ϕ is a test function.

Study the convergence of the sequences (fn)n∈N and (gn)n ∈ N in D(R).

Exercice 4.

1. Let the sequence (ϕn)n∈N be defined by

ϕn(x) = e−nϕ(nx),

where ϕ ∈ D(R). Show the convergence in D(R).

2. Study the convergence in D(R) of the sequence (ψn)n∈N? defined by

ψn(x) = (n+ k)−kϕ(nx), k ∈ N.
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Exercice 5.

Let K a compact subset of RN and ε > 0. Show that there exists a function

ϕε ∈ D(RN) such that

a) ϕε > 0,

b) ϕε(x) = 1 for all x ∈ K,

c) supp ϕε ⊂
⋃
x∈K

B(x, ε).

Exercice 6.

Let (Kp)16p6n disjoint compacts in RN , and (fp)16p6n are functions of class C∞(RN).

Show that there exists f ∈ D(RN) such that f(x) = fp(x) on Kp.
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1.5 Correction of the Exercises in Chapter 1

Correction of Exercise 1

1) The function ψ is of class C∞ on ]−∞, 0[ because it is zero on ]−∞, 0[, and it

is of class C∞ on ]0,+∞[ as the composition of two C∞ functions on ]0,+∞[

(the exponential function and the inverse function)

We can easily show by induction that there exist constants (Ci)16i6n such that

ψ(n)(t) =

(
C1

tn+1
+

C2

tn+2
+ · · ·+ Cn

t2n

)
e−

1
t and ψ(n)(0) = 0.

Let

P

(
1

t

)
=

C1

tn+1
+

C2

tn+2
+ · · ·+ Cn

t2n
,

thus

lim
t
>→0

ψ(n)(t) = lim
t
>→0

P

(
1

t

)
e−

1
t = 0.

On the other hand

lim
t
<→0

ψ(n)(t) = 0.

Derivatives of all orders exist, and they are continuous at 0, which implies that

ψ ∈ C∞(R).

2) Let g : RN −→ R be the function defined by g(x) = 1 − ‖x‖2, the function

ϕ = ψ ◦ g is of class C∞ on RN As the composition of two functions of class

C∞ on RN , furthermore

supp ϕ = {x ∈ Ω, ϕ(x) 6= 0}

= {x ∈ Ω, ‖x‖ < 1}

= {x ∈ Ω, ‖x‖ 6 1}

= B(0, 1),

ϕ ∈ D(RN).
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ϕn is the composition of two functions of class C∞ on RN , so it is of class C∞

on RN ,

supp ϕn = {x ∈ Ω, ϕn(x) 6= 0}

= {x ∈ Ω, ϕ(nx) 6= 0}

= {x ∈ Ω, ‖nx‖ < 1}

= {x ∈ Ω, ‖x‖ 6 1

n
}

= B

(
0,

1

n

)
.

Correction of Exercise 2

1) There exists a test function ψ ∈ D(R) equal to 1 in the neighborhood of 0. It is

enough to take ϕ = αψ where α ∈ R+.

2) There exists no function ψ ∈ D(R) where ψ′ is positive on ] − 1, 1[, except the

zero function, because ψ is increasing and ψ(−1) = ψ(1) = 0.

Correction of Exercise 3

Let’s study the convergence of the sequences (fn)n∈N and (gn)n∈N in D(R).

1) We have supp fn = supp ϕ = [−1, 1] = K.

The sequence (fn)n ∈ N converges pointwise to 0 on R. Let k ∈ N

lim
n→+∞

sup
x∈[−1,1]

|f (k)
n (x)− f (k)(x)| = lim

n→+∞
sup

x∈[−1,1]

|f (k)
n (x)|

= lim
n→+∞

1

n
sup

x∈[−1,1]

|ϕ(k)(x)|

= 0.

(fn)n∈N converges to 0 in D(R).

2) gn is of class C∞ on R (composition of functions of class C∞ on R).
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On the other hand

supp gn = {x ∈ R, gn(x) 6= 0}

= {x ∈ R,
1

n
ϕ(
x

n
) 6= 0}

= {x ∈ Ω, ‖x
n
‖ < 1}

= {x ∈ Ω, ‖x‖ 6 n}

= [−n, n],

We cannot find a fixed compact set K such that supp gn ⊂ K for all n ∈ N

because for sufficiently large n, supp gn will not be included in K. (gn)n∈N

does not converge in D(R).

Correction of Exercise 4

1. Let ϕ ∈ D(R), Then there exists a > 0 such that supp ϕ ⊂ [−a, a], so, ϕ is of

class C∞ on R. We have

supp ϕn ⊂
[
−a
n
,
a

n

]
⊂ [−a, a] = K.

Let’s study the pointwise convergence of the sequence (ϕn)n∈N.

For x = 0, ϕn(0) = e−nϕ(0) then lim
n→+∞

ϕn(0) = 0.

Let x ∈ R? be fixed, and ϕ has compact support. Then, for sufficiently large

n, ϕ is zero. Then

lim
n→+∞

ϕn(x) = lim
n→+∞

e−nϕ(nx) = 0.

(ϕn)n∈N converges pointwise to the zero function on K.

For all k in N

lim
n→+∞

sup
x∈[−a,a]

|ϕ(k)
n (x)− ϕ(k)(x)| = lim

n→+∞
sup

x∈[−a,a]

|ϕ(k)
n (x)|

= lim
n→+∞

nke−n sup
x∈[−a,a]

|ϕ(k)(nx)|

= 0.

(ϕn)n∈N converges in D(R).
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2. Let ϕ ∈ D(R), then there exists a > 0 such that supp ϕ ⊂ [−a, a], thus ψn is

of class C∞ on R

supp ψn ⊂
[
−a
n
,
a

n

]
⊂ [−a, a] = K.

(ψn)n ∈ N converges pointwise to the zero function on K. Furthermore

lim
n→+∞

sup
x∈[−a,a]

|ψ(j)
n (x)−ψ(j)(x)| = lim

n→+∞

nj

(n+ 1)k
sup
x∈K
|ϕ(j)(nx)| 6= 0, pour j > k.

(ψn)n∈N does not converge in D(R).

Correction of Exercise 5

Let Ω = ∪
x∈K

B(x, ε), then K ⊂ ∪
x∈K

B(x, ε) = Ω, by Urysohn’s Lemma there exists

ϕε ∈ D(Ω) such that 0 6 ϕε 6 1 and ϕ = 1 on V (K).

Correction of Exercise 6

The compacts (Kp)1 6 p 6 n are disjoint. Then there exists a family of open sets

(Up)16p6n, such that Kp ⊂ Up for p = 1, · · · , n, According to Urysohn’s Lemma,

there exist ψp ∈ D(Up) such that 0 6 ψp 6 1 and ψp = 1 on V (Kp). Taking

f(x) =
n∑
j=0

ψj(x)fj(x),

we deduce that f ∈ D(RN), and f(x) = fp(x) on Kp.
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CHAPTER 2

DISTRIBUTIONS

2.1 Introduction

The theory of distributions was introduced around 1945 by L. Schwartz to address

certain limitations of functions. Distributions have very useful properties for study-

ing certain Sobolev spaces and partial differential equations. It will be seen that a

distribution is infinitely differentiable, and this theory has allowed for a clear and

rigorous synthesis of certain methods practiced by physicists. For example, physi-

cists use the Dirac delta function, denoted as δ(x), which is zero for x 6= 0 and

satisfies
∫ +∞
−∞ δ(x), dx = 1. From there, one can write, for any function ϕ

+∞∫
−∞

ϕ(x)δ(x) dx =

+∞∫
−∞

(ϕ(x)− ϕ(0)) δ(x) dx+ ϕ(0)

+∞∫
−∞

δ(x) dx = ϕ(0).

Certainly, such a function does not exist, but we can define the mapping δ : ϕ 7→

ϕ(0), where δ operates, for example, on the set of continuous functions. This forms

the basis of the theory of distributions: certain formulas used in physics are justified

within this framework.

In the sequel, Ω denotes a non-empty open set in RN , N > 1.

Chapter Objectives

• Understanding the concept of distribution.

31



2.2 Examples and definitions Chapter 2

• Understanding that any distribution can be differentiated an arbitrary number of

times.

2.2 Examples and definitions

2.1 Definition (distributions)

We call a distribution on Ω any linear and continuous form T : D(Ω) −→ C.

Notation 2.1. We denote by D′(Ω) the set of distributions on Ω, in the topological

dual space of the space D(Ω), and we write T ∈ D′(Ω).

Remark 2.1.

1− It is often denoted that the value of T at ϕ from D(Ω) by 〈T, ϕ〉D′,D (〈·, ·〉 is

called the duality bracket), and we say that the distribution T is applied to ϕ.

2− D′(Ω) is equipped with a structure of a topological vector space. Thus, if T and

S are two distributions, the sum T + S is defined as follows

〈T + S, ϕ〉 = 〈T, ϕ〉+ 〈S, ϕ〉, ∀ϕ ∈ D(Ω),

and for λ ∈ K, we define λT as

〈λT, ϕ〉 = λ〈T, ϕ〉, ∀ϕ ∈ D(Ω).

It can be verified that T +S and λS defined in this way are indeed distributions

on Ω, and that D′(Ω) equipped with these two operations forms a K-vector

space.

2.1 Theorem (Continuity criterion)

Let T : D(Ω)←→ C be a linear form. T is continuous if and only if for all

compact K of Ω, there exist m ∈ N and C > 0 such that

|〈T, ϕ〉| 6 C sup
|α|6m,x∈K

|Dαϕ(x)| , ∀ϕ ∈ DK(Ω). (2.1)
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Notation 2.2. We denote

PK,m(ϕ) = sup
|α|6m,x∈K

|Dαϕ(x)| .

Remark 2.2.

Observe that (PK,m(ϕ))m∈N is increasing.

Remark 2.3.

1. The continuity of the distribution T can be demonstrated using sequences. If

ϕn −→ ϕ in D(Ω), then 〈T, ϕn〉 −→ 〈T, ϕ〉 in C.

2. Since T is linear, if we can show that ϕn −→ 0 in D(Ω), then 〈T, ϕn〉 −→ 0

in C, and thus, T is continuous.

Proof.

The upper bound (2.1) indeed expresses the continuity of T for a sequence (ϕn)n∈N

from D(Ω) with their support in the same compact set K. If Dαϕn converges to

Dαϕ uniformly for all α ∈ NN , it readily follows from the upper bound (2.1) that

〈T, ϕn〉 converges to 〈T, ϕ〉.

The converse is also true and can be proven as an exercise.

2.2 Definition (Order of a Distribution)

When the integer m ∈ N in relation (2.1) can be chosen independently of

K, we say that the distribution T is of finite order, and the smallest possible

value of m is called the order of the distribution T .

2.3 Definition (Radon Measure)
All distributions of order 0 are called Radon measures on Ω.

Example 2.1.

Let f ∈ L1
loc(Ω), we define Tf by

Tf : D(Ω) −→ R

ϕ 7−→ 〈Tf , ϕ〉 =

∫
Ω

f(x)ϕ(x) dx.
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Tf is the distribution associated with the function f .

? The equality holds because we integrate over suppϕ.

? Tf is linear in D(Ω).

? Let K be a compact subset of Ω and ϕ ∈ DK(Ω), thus

|〈Tf , ϕ〉| =

∣∣∣∣∣∣
∫
Ω

f(x)ϕ(x) dx

∣∣∣∣∣∣
6

∫
K

|f(x)ϕ(x)| dx

6 sup
x∈K
|ϕ(x)|

∫
K

|f(x)| dx

6 CKPK,0(ϕ),

where CK =

∫
K

|f(x)| dx.

This proves that Tf defines a distribution of order 0.

2.2 Theorem

Tf = 0⇐⇒ f(x) = 0 a.e in Ω.

Remark 2.4.

Given two locally integrable functions f and g that are equal almost everywhere, i.e.,

f(x) = g(x) a.e in Ω,

the associated distributions are equal,

Tf = Tg.

The converse is also true (see fo example [7]). So, we have the following theorem.

34 y.benia@univ-alger.dz



2.2 Examples and definitions Chapter 2

2.1 Proposition (injection of L1
loc into D′)

The application
L1

loc(Ω) → D′(Ω)

f 7→ Tf ,

is injective.

Remark 2.5. Oftentimes, we identify a distribution in the form of Tf with the

corresponding function f . Moreover, one could say that a distribution T ∈ D′(Ω) is

in L1
loc (Ω) if there exists f ∈ L1

loc (Ω) such that T = Tf .

2.4 Definition (Regular Distribution)
A distribution T is called regular if it is associated with a locally integrable

function f , i.e., if there exists f ∈ L1
loc(Ω) such that

〈T, ϕ〉 =

∫
Ω

f(x)ϕ(x) dx = 〈Tf , ϕ〉, ∀ϕ ∈ D(Ω).

Remark 2.6. When the context does not lead to any confusion, it is often much

simpler to simply write Tf as f .

Example 2.2.

The constant regular distribution C is defined by

〈C,ϕ〉 = C

∫
Ω

ϕ(x) dx, ∀ϕ ∈ D(Ω).

In particular, C = 0 defines the zero regular distribution

2.5 Definition (Non-Regular Distribution)
Any distribution that is not regular is called non-regular.

Example 2.3. (Dirac distribution)

Let a ∈ Ω, We call the Dirac mass at a, denoted by δa, the distribution defined by

δa : D(Ω) −→ C

ϕ 7−→ 〈δa, ϕ〉 = ϕ(a).
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? δa is linear.

? Let K a compact subset of Ω and ϕ ∈ DK(Ω), we have

|〈δa, ϕ〉| = |ϕ(a)| 6 sup
x∈K
|ϕ(x)| = PK,0(ϕ),

So, δa is a Radon measure on Ω.

The Dirac distribution δa is not regular. Suppose the contrary, namely, there

exists a function f ∈ L1
loc(Ω) where δa = Tf . According to the Urysohn’s Lemma,

applied to 0 ⊂ B(0, 1), there exists ψ ∈ D (B(0, 1)) with supp(ψ) ⊆ B(0, 1), 0 6

ψ 6 1, and ψ(0) = 1. Let the function ϕ defined by

ϕ(x) = ψ (l (x− a)) , l ∈ N,

thus

supp (ψ) ⊂ B(a,
1

l
), ψ (a) = 1,

we deduce that

1 = 〈δa, ψ〉 =

∫
B(a, 1

l
)

|f(x)||ψ(x)| dx 6 sup
x∈Ω
|ψ(x)|

∫
B(a, 1

l
)

|f(x)| dx −→ 0,

when l→∞, which is absurd.

Remark 2.7. If a = 0, we write δ instead of δ0, therefore 〈δ, ϕ〉 = ϕ(0).

Example 2.4. (Dipole Distribution)

Let α ∈ NN and a ∈ RN , we call the distribution dipole, the distribution defined by

〈T, ϕ〉 = Dαϕ(a), ∀ϕ ∈ D(RN).

? T is linear.

? Let K be a compact subset of Ω and ϕ ∈ DK(Ω), we have

|〈T, ϕ〉| = |Dαϕ(a)|

6 sup
x∈K
|Dαϕ(a)|

6 CPK,m(ϕ),
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where C = 1 and m = |α|. T is a distribution of order less than or equal to

|α|. It can be shown that the order is equal to |α|.

In the case of n = 1, α = 1, and a = 0,

〈T, ϕ〉 = ϕ′(0).

We know that the order is less than or equal to 1. Let ϕ ∈ D(R) such that

ϕ′(0) = 1 and suppϕ ⊂ [−a, a] where a > 0. Let the sequence (ϕn)n∈N be

defined by

ϕn(x) = ϕ(nx), ∀n ∈ N.

Thus, suppϕn ⊂ [−a, a] for all n ∈ N.

Suppose, for the sake of contradiction, that the order is equal to 0. Then, for

all compact K in Ω, there exists C > 0 such that

∀ϕ ∈ DK(Ω), |〈T, ϕ〉| 6 CPK,0(ϕ).

By choosing K = [−a, a], we find that

∀ϕn ∈ DK(Ω), |〈T, ϕn〉| 6 CPK,0(ϕn),

so

|nϕ′(0)| 6 Csup
x∈K
|ϕ(nx)| 6 Csup

y∈K
|ϕ(y)|, ∀n ∈ N,

which implies that n 6 C ′ for all n ∈ N, which is absurd. Therefore, T is a

distribution of order 1.

Example 2.5. (Cauchy Principal Value)

We call the Cauchy principal value vp 1
x
, the application defined by

〈vp
1

x
, ϕ〉 = lim

ε→0

∫
|x|>ε

ϕ(x)

x
dx, ∀ϕ ∈ D(R).

? Since ϕ is in D(R), then there exists a > 0 such that suppϕ ⊂ [−a, a], then

〈vp
1

x
, ϕ〉 = lim

ε→0


−ε∫
−a

ϕ(x)

x
dx+

a∫
ε

ϕ(x)

x
dx

 . (2.2)
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To calculate (2.2), consider the function ψ defined as follows

ψ(x) =

1∫
0

ϕ′(tx) dt, forx 6= 0 where ψ(0) = ϕ′(0),

then

ψ(x) =
1

x
[ϕ(tx)]10 =

ϕ(x)

x
− ϕ(0)

x
.

ψ is continuous on R, (2.2) becomes

lim
ε→0

∫
|x|>ε

ϕ(x)

x
dx = lim

ε→0


−ε∫
−a

ϕ(0)

x
dx+

a∫
ε

ϕ(0)

x
dx+

−ε∫
−a

ψ(x) dx+

a∫
ε

ψ(x) dx

 ,

as
−ε∫
−a

ϕ(0)

x
dx+

a∫
ε

ϕ(0)

x
dx = 0, therefore

lim
ε→0

∫
|x|>ε

ϕ(x)

x
dx =

a∫
−a

ψ(x) dx,

vp 1
x
is well-defined due to the continuity of ψ. ψ.

? vp 1
x
is linear

? Let K a compact subset of R and Let ϕ ∈ DK(R). There exists a > 0 such that

K ⊂ [−a, a],

∣∣〈vp 1
x
, ϕ〉
∣∣ =

∣∣∣∣∣∣
a∫

−a

ψ(x) dx

∣∣∣∣∣∣
6

a∫
−a

|ψ(x)| dx

6

a∫
−a

 1∫
0

|ϕ′(tx)| dt

 dx

6 sup
y∈K
|ϕ′(y)|

a∫
−a

 1∫
0

1, dt

 dx

6 2aPK,1(ϕ).

vp 1
x
is a distribution of order m 6 1.
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Let’s show that vp 1
x
is a distribution of order 1, for this purpose it suffice to

show that the order of vp 1
x
is different to 0.

Assume that the order is equal to 0. Let ϕ ∈ D(R), where ϕ = 1 in the neigh-

borhood of 0, and ϕ is even and positive. In fact, there exists a test function ψ = 1

in the neighborhood of K = 0, and 0 6 ψ 6 1. Then, we can define ϕ as follows:

ϕ(x) =
ψ(x) + ψ(−x)

2
.

ϕ is a function in D(R), expressed as the sum of two functions in D(R), and

ϕ = 1 in the neighborhood of K = 0. We define the sequence (ϕn(x))n∈N? as follows:

ϕn(x) = ϕ(x) arctan(nx), n ∈ N?.

Let K = suppϕ, there exists c > 0 such that

∀ϕ ∈ DK(R),

∣∣∣∣〈vp
1

x
, ϕ〉
∣∣∣∣ 6 CPK,0(ϕ).

For ϕ = ϕn, we get

∀n ∈ N?,

∣∣∣∣〈vp
1

x
, ϕn〉

∣∣∣∣ 6 CPK,0(ϕn) = C ′,

then ∣∣〈vp 1
x
, ϕn〉

∣∣ = lim
ε→0

∫
|x|>ε

ϕ(x)
arctan(nx)

x
dx

= 2lim
ε→0

+∞∫
ε

ϕ(x)
arctan(nx)

x
dx

= 2

+∞∫
0

ϕ(x)
arctan(nx)

x
dx,

as ϕ = 1 on [−α, α], we deduce that

2

α∫
0

arctan(nx)

x
dx 6 2

+∞∫
0

ϕ(x)
arctan(nx)

x
dx,

furthermore

2

α∫
0

arctan(nx)

x
dx 6 C ′, ∀n ∈ N?,
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by setting nx = y, we find

2

αn∫
0

arctan(y)

y
dy 6 C ′, ∀n ∈ N?,

then

lim
n→+∞

π

αn∫
0

arctan(y)

y
dy 6 C ′, ∀n ∈ N?,

so

2

+∞∫
0

arctan y

y
dy 6 C ′, ∀n ∈ N?

which contradicts the fact that the left term is infinite. The distribution vp 1
x
is of

order 1.

2.3 Derivatives of Distributions

In this section, we provide a generalization of the concept of derivatives for distri-

butions while retaining the classical notion for typical functions.

Consider a function f that is of class C1 on R. Then, both f and f ′ belong to

the space L1
loc(R) and define distributions on R. Furthermore,

〈f ′, ϕ〉 =

∫
Ω

f ′(x)ϕ(x) dx = −
∫
Ω

f(x)ϕ′(x) dx = −〈f, ϕ′〉, ∀ϕ ∈ D(Ω).

This last formula retains its meaning when we replace f with a distribution.

2.6 Definition (Partial Derivative of a Distribution)

Let T belong to D′(Ω), the linear form ∂T
∂xi

is defined as〈
∂T

∂xi
, ϕ

〉
= −

〈
T,

∂ϕ

∂xi

〉
, ∀ϕ ∈ D(Ω),

This is a distribution called the i-th partial derivative of T .

Remark 2.8.

1. It is evident that ∂T
∂xi

is a distribution.
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2. If T is a distribution of a given order m, then ∂T
∂xi

is of order m+ 1. This can

be shown by considering compact sets and derivatives.

Indeed, for all compact sets K in Ω and ϕ ∈ DK(Ω), we have∣∣∣∣〈 ∂T∂xi , ϕ
〉∣∣∣∣ =

∣∣∣∣−〈T, ∂ϕ∂xi
〉∣∣∣∣

6 sup
|α|6m,x∈K

∣∣∣∣Dα

(
∂ϕ

∂xi
(x)

)∣∣∣∣
6 sup
|β|6m+1,x∈K

∣∣Dβϕ(x)
∣∣ .

Remark 2.9.

The fact that differentiation is always possible might raise questions. We know that

there are locally integrable and even continuous functions that are not differentiable.

However, in the case of distributions, the derivatives are themselves distributions

and not functions. This means that the definition of ∂T
∂xi

can be iterated as many

times as needed, and we can define, for any multi-index α ∈ NN and ϕ ∈ D(R),

DαT

〈DαT, ϕ〉 = (−1)|α|〈T,Dαϕ〉, ∀ϕ ∈ D(R).

Example 2.6.

Let’s compute the first and second order derivatives of the Heaviside function,

defined as

H(x) =

 1 x > 0,

0 x 6 0.

H ∈ L1
loc(R) then H ∈ D′(R). For all ϕ ∈ D(R), we have

〈H,ϕ〉 =

+∞∫
0

ϕ(x) dx,
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then

〈H ′, ϕ〉 = −〈H,ϕ′〉

= −
+∞∫
0

ϕ′(x) dx

= − [ϕ(x)]+∞0

= ϕ(0)

= 〈δ, ϕ〉.

H ′
D′
= δ, where δ is identified with the Dirac distribution at 0.

For all ϕ ∈ D(R), we have

〈H ′′, ϕ〉 = (−1)2〈H,ϕ′′〉

=

+∞∫
0

ϕ′′(x) dx

= [ϕ′(x)]
+∞
0

= −ϕ′(0)

= −〈δ′, ϕ〉,

so H ′′ D
′

= −δ′.

Example 2.7.

1) Let f be differentiable function on R and f ′ ∈ L1
loc(R). Then, Tf ′

D′
= (Tf )

′. Indeed,

for all ϕ ∈ D(R)

〈(Tf )′, ϕ〉 = −〈Tf , ϕ′〉

= −
+∞∫
−∞

f(x)ϕ′(x) dx

= − [f(x)ϕ(x)]+∞−∞ +

+∞∫
−∞

f ′(x)ϕ(x) dx

= 〈Tf ′ , ϕ〉.
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2) Let f ∈ C1(R \ {a}) where a ∈ R. Assume that the left and right limits of f and

f ′ at a exist, noted respectively

lim
x→a+

f(x) = f(a+), lim
x→a−

f(x) = f(a−).

For all ϕ ∈ D(R), we have

〈(Tf )′, ϕ〉 = −〈Tf , ϕ′〉

= −
a∫

−∞

f(x)ϕ′(x) dx−
+∞∫
a

f(x)ϕ′(x) dx

= − [f(x)ϕ(x)]a−∞ +

a∫
−∞

f ′(x)ϕ(x) dx

− [f(x)ϕ(x)]+∞a +

+∞∫
a

f ′(x)ϕ(x) dx

= −(fϕ)(a−) + (fϕ)(a+) + 〈Tf ′ , ϕ〉

= (f(a+)− f(a−))〈δa, ϕ〉+ 〈Tf ′ , ϕ〉,

then

(Tf )
′ D′= Tf ′ +

(
f(a+)− f(a−)

)
δa,

Exercise 2.1. Assume that f ∈ C1(R \
N
∪
i=1
{ai}) where N is a positive integer.

Assume that the left and right limits of f and f ′ at (ai)i=1,··· ,N exist. Show that

(Tf )
′ = Tf ′ +

N∑
i=1

(
f(a+

i )− f(a−i )
)
δai .

2.1 Lemma
Let ϕ ∈ D(I) where I is a subset of R.

1) Two conditions are equivalent:

a) ϕ admits a primitive in D(I).

b)

∫
I

ϕ(x) dx = 0.

2) If the primitive exists, then it is unique.
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Proof.

1) Let’s show that 1) implies 2). Suppose there exists ψ ∈ D(I) such that ψ′ = ϕ.

Then, ∫
I

ϕ(x) dx =

∫
I

ψ′(x) dx = [ψ(x)]I = 0. (2.3)

Now, suppose that
∫
I

ϕ(x) dx = 0. Let’s set ψ(x) =
x∫
−∞

ϕ(t) dt. ψ ∈ C∞ and

ψ′ = ϕ.

2) Furthermore, ψ has compact support, from which we conclude the equivalence

of the two conditions.

For uniqueness, suppose there exist ψ1 and ψ2 in D(I) such that ψ′1 = ψ′2 = ϕ, and

let ψ = ψ1−ψ2. Then, ψ′ = 0, and therefore ψ = c, and since ψ is in D(I), we have

c = 0.

2.3 Theorem
Let I be a subset of R.

1− Let T ∈ D′(I) such that T ′ = 0, then T = c.

2− For all T ∈ D′(I), there exists S ∈ D′(I) such that S ′ = T .

Proof.

1− Let θ ∈ D(I) such that
∫
I

θ(x) dx = 1. For all ϕ ∈ D(I), we define

ρ(x) = ϕ(x)− θ(x)

∫
I

ϕ(x) dx.

Then,
∫
I

ρ(x) dx = 0. We observe that ρ belongs to D(I). Thanks to the

previous lemma, there exists ψ ∈ D(I) unique, such that ψ′ = ρ. Therefore,

ϕ(x) = ψ′(x) + θ(x)

∫
I

ϕ(x) dx.
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Assume that T ∈ D′(I) such that T ′ = 0, then

〈T, ϕ〉 = 〈T, ψ′ + θ
∫
I

ϕ(x) dx〉

= 〈T, ψ′〉+ c
∫
I

ϕ(x) dx

= 〈T ′, ψ〉+ 〈c, ϕ〉

= 〈c, ϕ〉,

where c = 〈T, θ〉. Then, T = c.

2− Let T ∈ D′(I). We are looking for S ∈ D′(I) such that S ′ = T .

For all ϕ ∈ D(I), we define

〈S, ϕ〉 = −〈T, ψ〉,

where ψ is the unique function in D(I) defined by the relation

ψ′(x) = ϕ(x)− θ(x)

∫
I

ϕ(x) dx.

T is linear and continuous. Let K ⊂ I be a compact set, and ϕ ∈ DK(I).

Then, there exists m such that (knowing that K ′ = K ∪ supp θ)

|〈S, ϕ〉| = |〈T, ψ〉|

6 CPK′,m(ψ)

6 Cmax

 sup
x∈K′
|ψ|, sup

x∈K′
16j6m

|ψ(j)|


6 C ′max

(
sup
x∈K′
|ψ|, sup

x∈K′
|ϕ|
)
,

where C and C ′ Are two constants, then there exists C ′′ such that

|〈S, ϕ〉| 6 C ′′ sup
x∈K′

16j6m

|ϕ(j)|.

Then, S is continuous; hence, S ∈ D′(I).
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To verify that S ′ = T , we consider ϕ ∈ D(I). We notice that the function ψ

associated with ϕ′ according to the relation is ϕ because

ψ′′(x) = ϕ′(x)− θ(x)

∫
I

ϕ′(x), dx.

Since ϕ′ = ψ′, it follows that ϕ = ψ (thanks to the uniqueness of ψ. Thus,

〈S ′, ϕ〉 = −〈S, ϕ′〉 = 〈T, ϕ〉.

Therefore, S ′ = T .

2.4 Exercises Chapter 2

Exercice 7.

Let ϕ ∈ D(R). Show that only applications 3), 4), and 6) determine distributions.

1) 〈T1, ϕ〉 = |ϕ(0)|.

2) 〈T2, ϕ〉 =

+∞∫
−∞

|ϕ(x)| dx.

3) 〈T3, ϕ〉 =

+∞∫
−∞

ϕ(j)(x) dx, such that j ∈ N is fixed.

4) 〈T4, ϕ〉 = lim
n→+∞

{
n∑
k=1

ϕ( 1
k
)− nϕ(0)− ϕ′(0) lnn

}
.

5) 〈T5, ϕ〉 =
+∞∑
k=1

ϕ(k)(0).

6) 〈T6, ϕ〉 =
+∞∑
n=0

ϕ(n)(n).
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Exercice 8.

For ϕ ∈ D(R), we define

〈T, ϕ〉 =
+∞∑
k=1

1

k

(
ϕ(

1

k
)− ϕ(0)

)
.

1− Show that T is a distribution of order less than or equal to 1.

2− Prove that T is not of order 0. For this purpose, we recall that if a < b < c < d

are real numbers, there exists ϕ ∈ D(R) such that 0 6 ϕ 6 1, ϕ = 1 on [b, c],

and the support of ϕ is contained in [a, d].

Exercice 9.

Calculate the first distributional derivative of the following functions.

1) f(x) = sgn(x) = |x|
x

(sign function) for all x ∈ R?.

2) g(x) = |x| for all x ∈ R.

Exercice 10.

Let f be the function defined on R by

f(x) =

 sinx
2

if x ∈]−∞, π
2
[,

0 if x ∈ [π
2
,+∞[.

1) Calculate the first and second distributional derivatives of f .

2) Deduce that f is a solution of a differential equation.

Exercice 11.

Calculate the first derivative of f(x) = ln |x|, x ∈ R? in the sense of distributions.

Exercice 12.

Let ϕ ∈ D(R). Show that the following linear form is a distribution.

< Fp

(
1

x2

)
ϕ〉 = lim

ε→0+

 ∫
|x|>ε

ϕ(x)

x2
dx− 2

ϕ(0)

ε


Find a connection between vp

(
1
x

)
and Fp

(
1
x2

)
.
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2.5 Correction of the Exercises in Chapter 2

Correction of Exercise 7

1) The applications T1 and T2 do not define distributions because they are not linear.

3) Let j ∈ N be fixed, we have

T3 : D(Ω) −→ R

ϕ 7−→ 〈T3, ϕ〉 =

+∞∫
−∞

ϕ(j)(x) dx.

Let ϕ ∈ D(Ω), for all j ∈ N, ϕ(j) ∈ D(Ω) and suppϕ(j) ⊂ suppϕ, thus

+∞∫
−∞

ϕ(j)(x) dx =

∫
suppϕ

ϕ(j)(x) dx.

? The integral exists because it is the integral of a continuous function over

the compact set suppϕ.

? T3 is linear on D(Ω).

? Let K be a compact subset of Ω and ϕ ∈ DK(Ω), we have

|〈T3, ϕ〉| =

∣∣∣∣∣∣
∫
Ω

ϕ(j)(x) dx

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∫
K

ϕ(j)(x) dx

∣∣∣∣∣∣
6 sup

x∈K
|ϕ(j)(x)|

∫
K

1 dx

6 CKPK,j(ϕ),

where CK = mes(K).

T3 is a distribution of order less than or equal to j.

4) Let ϕ in D(R) then there exists N > 0 such that suppϕ ⊂ [−N,N ]

48 y.benia@univ-alger.dz



2.5 Correction of the Exercises in Chapter 2 Chapter 2

? First, let’s show that T is well-defined. Let’s define

un =
n∑
k=1

ϕ(
1

k
)− nϕ(0)− ϕ′(0) lnn. (2.4)

To calculate lim
n→+∞

un, we use the Taylor expansion to order 2 in the neigh-

borhood of 0

ϕ

(
1

k

)
= ϕ(0) +

1

k
ϕ′(0) +

1

2k2
ϕ′′ (ck) .

Then

un =
n∑
k=1

ϕ(0) +
n∑
k=1

1

k
ϕ′(0) +

n∑
k=1

1

k2
ϕ′′ (ck)− nϕ(0)− ϕ′(0) ln(n)

= nϕ(0) +
n∑
k=1

1

k
ϕ′(0) +

n∑
k=1

1

k2
ϕ′′ (ck)− nϕ(0)− ϕ′(0) ln(n)

=

(
n∑
k=1

1

k
− ln(n)

)
ϕ′(0) +

n∑
k=1

1

2k2
ϕ′′ (ck) .

Let’s define

vn =
n∑
k=1

1

2k2
ϕ′′ (ck) , wn =

(
n∑
k=1

1

k
− ln(n)

)
.

We have ∣∣∣∣ 1

2k2
ϕ′′
∣∣∣∣ 6 sup

x∈K
|ϕ′′| 1

2k2
.∑

1
n2 is a convergent Riemann series, according to the comparison cri-

terion vn is a sequence associated with a convergent series. Using the

comparison criterion with an integral, we can prove that the sequence vn

is convergent. So, T4 is well-defined.

? T4 is linear.

? Let K be a compact subset of R and Let ϕ ∈ DK(R), there exists a > 0 such
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that K ⊂ [−a, a], so

|〈T4, ϕ〉| = lim
n→+∞

[(
n∑
k=1

1

k
− ln(n)

)
ϕ′(0) +

n∑
k=1

1

2k2
ϕ′′ (ck)

]

6 sup
x∈K
|ϕ′(x)| lim

n→+∞

(
n∑
k=1

1

k
− ln(n)

)
+ sup

x∈K
|ϕ′′(x)| lim

n→+∞

n∑
k=1

1

2k2

6 S1PK,1(ϕ) + S2PK,2(ϕ)

6 CPK,2(ϕ).

T4 is a distribution of order m 6 2.

5) T5 is not well-defined because for K = {0}, there exists a function ϕ ∈ D(R) that

satisfies ϕ = 1 in the neighborhood of K. By setting

ψ(x) = exϕ(x),

we find that there exist constants (ci)06i6k such that

ψ(k)(x) =
k∑
i=0

cie
xϕ(i)(x)

= ϕ(x) +
k∑
i=1

cie
xϕ(i)(x),

the sequence ψ(k)(x) = ϕ(0) = 1 does not converge to 0, so the series is

divergent, and therefore T5 does not define a distribution.

6) Let ϕ be in D(R), there exists N > 0 such that suppϕ ⊂ [−N,N ], then for all

n > N , ϕ(n) = 0. Thanks to the uniqueness of for all n > N , ϕ(n)(n) = 0,

consequently

〈T6, ϕ〉 =
+∞∑
n=0

ϕ(n)(n) =
N∑
n=0

ϕ(n)(n).

T6 is well-defined because it is a finite sum. T is obviously linear. As for its

continuity, for all compact K in R and ϕ ∈ DK(R), there exists N > 0 such

that K ⊂ [−N,N ], so

|〈T, ϕ〉| 6 (N + 1)PK,N(ϕ).
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The distribution T6 is not of finite order.

Correction of Exercise 8

1− Let ϕ ∈ D(R), the Taylor expansion to order 1 in the neighborhood of 0 gives

ϕ

(
1

k

)
= ϕ(0) +

1

k
ϕ′(ck),

thus

〈T, ϕ〉 =
∞∑
k=1

1

k2
ϕ′(ck),

we deduce that

|〈T, ϕ〉| 6 sup
x∈R
|ϕ′(x)|

∞∑
k=1

1

k2
,

the series is absolutely convergent, then T is well-defined.

It is easy to show that T is linear. Let’s prove the continuity of T. Let K be a

compact subset of R, and ϕ ∈ DK(R), then

|〈T, ϕ〉| 6 sup
x∈R
|ϕ′(x)|

∞∑
k=1

1

k2

6 CPK,1(ϕ),

T is a distribution of order less than or equal to 1.

2− Assume that the order of T equals 0. Then, for all compacts K, there exists

C > 0 such that

|〈T, ϕ〉| 6 CPK,0(ϕ)

= C sup
x∈R
|ϕ(x)| ,

For all n > 1, there exists a function ϕn ∈ D(R), satisfying suppϕn ⊂]0, 2[,

where ϕn = 1 on [ 1
n
, 1], and 0 6 ϕn 6 1, then

〈T, ϕn〉 =
∞∑
k=1

1

k

(
ϕn

(
1

k

)
− ϕn(0)

)
.
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since 1
k
∈ [ 1

n
, 1], then ϕn

(
1
k

)
= 1 and ϕn(0), thus

〈T, ϕn〉 >
n∑
k=1

1

k
.

Since
∑∞

k=1
1
k
is a divergent series, then 〈T, ϕn〉 → +∞. On the other hand,

for K = [0, 2], we find

|〈T, ϕn〉| 6 C sup
x∈R
|ϕn(x)| ,

a contradiction with the fact that 〈T, ϕn〉 → +∞.

Correction of Exercise 9

1) Let ϕ ∈ D(R), we have

〈T ′f , ϕ〉 = −〈Tf , ϕ′〉

=

+∞∫
−∞

f(x)ϕ′(x)dx

=

0∫
−∞

ϕ′(x)dx−
+∞∫
0

ϕ′(x)dx

= 2ϕ(0)

= 2〈δ, ϕ〉

Thus,

T ′f = 2δ.

We can obtain this result using the jump formula.

2) For all ϕ ∈ D(R)

〈T ′g, ϕ〉 = −〈Tg, ϕ′〉

=

+∞∫
−∞

|x|ϕ′(x) dx

=

0∫
−∞

xϕ′(x) dx−
+∞∫
0

xϕ′(x) dx.
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Integration by parts yields

〈T ′g, ϕ〉 = −
0∫

−∞

ϕ(x) dx+

+∞∫
0

ϕ(x) dx.

Thus, if we denote

u(x) =

 1 if x > 0,

−1 if x < 0,

for all ϕ ∈ D(R), we find

〈T ′g, ϕ〉 =

+∞∫
−∞

u(x)ϕ(x) dx = 〈Tu, ϕ〉.

This means that u is the distributional derivative of the absolute value function.

Correction of Exercise 10

1) Let’s calculate (Tf )
′ and (Tf )

′′. We have

f ′(x) =

 cosx
2

if x ∈]−∞, π
2
[

0 if x ∈]π
2
,+∞[

and

f ′′(x) =

 sinx
2

if x ∈]−∞, π
2
[

0 if x ∈]π
2
,+∞[

According to the jump theorem

(Tf )
′ = Tf ′ +

(
f(a+)− f(a−)

)
δa,

for a = π
2
, we have

lim
x→a+

f(x) = 0, lim
x→a−

f(x) =
1

2
.

so

(Tf )
′ = Tf ′ −

1

2
δπ

2
,
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To calculate the second derivative, using the jump formula twice, we have

(Tf )
′′ =

(
Tf ′ −

1

2
δπ

2

)′
= (Tf ′)

′ − 1

2
δ′π

2
.

as

(T ′f )
′ = Tf ′′ +

(
f ′(a+)− f ′(a−)

)
δa,

and

lim
x→a+

f ′(x) = 0, lim
x→a−

f ′(x) = 0.

so

(T ′f )
′ = Tf ′′

hence

(Tf )
′′ = Tf ′′ −

1

2
δ′π

2
.

2) We notice that

Tf ′′ = −Tf ,

so Tf satisfies the differential equation

(Tf )
′′ + Tf = −1

2
δ′π

2

Correction of Exercise 11

Let ϕ ∈ D(R?) and a > 0 such that the support of ϕ is contained in [−a, a]. Let T

be the distribution associated with the function ln |x|. Then

〈T ′, ϕ〉 = −〈T, ϕ′〉

= −
a∫

−a

ϕ′(x) ln |x|dx

= − lim
ε→0

 −ε∫
−a

ϕ′(x) ln(−x)dx+

a∫
ε

ϕ′(x) ln(x)dx


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We have
a∫
ε

ϕ′(x) ln(x)dx = [ϕ(x) ln(x)]aε −
a∫
ε

ϕ(x)

x
dx

= −ϕ(ε) ln(ε)−
a∫
ε

ϕ(x)

x
dx.

and
−ε∫
−a

ϕ′(x) ln(−x)dx = [ϕ(x) ln(−x)]−ε−a −
−ε∫
−a

ϕ(x)

x
dx

= ϕ(−ε) ln(ε)−
−ε∫
−a

ϕ(x)

x
dx.

Furthermore,(
ϕ(−ε)− ϕ(ε)

)
ln(ε) = (ϕ(0)− εϕ′(0)− ϕ(0)− εϕ′(0) + o(ε)) ln(ε)

= −2ϕ′(0)ε ln(ε) + o
(
ε ln(ε)

)
.

ε ln(ε)→ 0 as ε→ 0, so

〈T ′, ϕ〉 = lim
ε→0

 −ε∫
−a

ϕ(x)

x
dx+

a∫
ε

ϕ(x)

x
dx

 = 〈vp
1

x
, ϕ〉.

Correction of Exercise 12

Let ϕ ∈ D(R), and there exists a > 0 such that suppϕ ⊂ [−a, a]. The first-order

Taylor formula is written as

ϕ(x) = ϕ(0) + xϕ′(0) + x2ϕ′′(ξx),

then ∫
|x|>ε

ϕ(x)

x2
dx =

∫
|x|>ε

ϕ(0)

x2
dx+

∫
|x|>ε

ϕ′(0)

x
dx+

a∫
−a

ϕ′′(ξx) dx.

The second integral of the second term on the right-hand side vanishes because we

integrate an odd function over a symmetric interval, so∫
|x|>ε

ϕ(x)

x2
dx = 2

ϕ(0)

ε
+

∫
|x|>ε

ϕ′′(x) dx,
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thus

|〈T, ϕ〉| 6 2a sup
x∈[−a,a]

|ϕ′′(x)|

T is a distribution of order less than or equal to 2.

Now, let’s calculate the derivative of vp( 1
x
). For ϕ ∈ D(Rn), using integration

by parts, we find〈
vp

(
1

x

)′
, ϕ

〉
= −

〈
vp

(
1

x

)
, ϕ′
〉

= − lim
ε→0+

∫
|x|>ε

ϕ′(x)

x
dx

= − lim
ε→0+

[
ϕ(x)

x

]−ε
ε

+

∫
|x|>ε

ϕ(x)

x2
dx.

However, using Hadamard’s lemma, when ε→ 0,[
ϕ(x)

x

]−ε
ε

= −2
ϕ(0)

ε
+ o(1)

thus 〈
vp

(
1

x

)′
, ϕ

〉
= −

〈
Fp

(
1

x2

)
, ϕ

〉
.
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CHAPTER 3

SEQUENCES AND SERIES OF

DISTRIBUTIONS

3.1 Introduction

Many distributions are defined through the limit of a sequence of regular distributions

or as a sum of distributions. In this chapter, we present the concept of convergence

of sequences and series of distributions.

Chapter Objectives

• Get familiar with the concept of convergence of a sequence or series of distribu-

tions.
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3.2 Convergence of Distributions

The concept of convergence of distributions is also called weak convergence as follows:

3.1 Definition (Convergence in D′(Ω))

Let (Tn)n∈N be a sequence of distributions and T ∈ D′(Ω). We say that

(Tn)n∈N converges to T inD′(Ω) if and only if for any test function ϕ ∈ D(Ω),

the sequence of real numbers 〈Tn, ϕ〉 converges to 〈T, ϕ〉, i.e.,

lim
n→+∞

〈Tn, ϕ〉 = 〈T, ϕ〉, ∀ϕ ∈ D(Ω).

3.2 Definition

Let (fn)n∈N be a sequence of locally integrable functions and (Tfn) be the se-

quence of associated regular distributions. If the sequence (Tfn)n∈N converges

to a distribution T , we say that the sequence (fn)n∈N converges to T in the

sense of distributions, and we write

lim
n→∞

fn = T in D′ (Rn) .

Example 3.1.

1) Let fn(x) = cos(nx), fn ∈ L1
loc(R); therefore, Tfn ∈ D′(R). For all ϕ ∈ D(R), we

have

〈Tfn , ϕ〉 =

+∞∫
−∞

cos(nx)ϕ(x) dx −→
n→∞

0,

then Tfn converges to 0 in D′(R).

2) Let n ∈ N, the Dirac distribution δn converges to 0 in D′(R). Indeed, for all

ϕ ∈ D(R), there exists n0 > 0 such that suppϕ ⊂ [−n0, n0], and we have

〈δn, ϕ〉 = ϕ(n) = 0, ∀n > n0.
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3.1 Theorem

Let (Tn)n∈N be a sequence of D′(Ω). If Tn
D′(Ω)→ T , then for all α ∈ NN ,

DαTn
D′(Ω)→ DαT .

Proof.

Let ϕ ∈ D(R), and α ∈ NN be a multi-index, we have

〈DαTn, ϕ〉 = (−1)|α|〈Tn, Dαϕ〉 n→+∞−→ (−1)|α|〈T,Dαϕ〉 = 〈DαT, ϕ〉.

Hence, we get the desired result.

Remark 3.1.

This property is of fundamental importance. Differentiation becomes an operation

that is always defined and continuous, whereas it is well-known that such a property

is entirely false for the standard differentiation of functions.

3.1 Proposition

The following conditions are sufficient for fn → f in D′(Ω).

1) fn → f in L1(Ω).

2) fn → f in L2(Ω).

Proof.

1) Assume that fn → f in L1(Ω). Then, for all ϕ ∈ D(Ω) and for all n ∈ N, we

have ∣∣∣∣∣∣
∫
Ω

fn(x)ϕ(x) dx−
∫
Ω

f(x)ϕ(x) dx

∣∣∣∣∣∣ 6
∫
Ω

|ϕ(x)| |fn(x)− f(x)| dx

6 sup
x∈Ω
|ϕ(x)| ‖fn − f‖L1(Ω) ,

therefore fn → f in D′(Ω).
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2) Assume that fn → f in L2(Ω). According to the Cauchy-Schwarz inequality, for

all ϕ ∈ D(Ω) and for all n ∈ N, we have∣∣∣∣∣∣
∫
Ω

fn(x)ϕ(x) dx−
∫
Ω

f(x)ϕ(x) dx

∣∣∣∣∣∣ 6
∫
Ω

|ϕ(x)| |fn(x)− f(x)|ϕ(x) dx

6 ‖ϕ‖L2(Ω) ‖fn − f‖L2(Ω) ,

consequently fn → f in D′(Ω).

Remark 3.2.

According to the previous proposition, convergence in L1 or L2 implies convergence

in D′. In fact, it can be shown that convergence in Lp with 1 6 p 6 +∞ implies

convergence in D′.

3.2 Theorem
Let (fn)n∈N be a sequence of L1(RN) such that

1) supp fn ⊂ B(0, εn) with lim
n→+∞

εn = 0.

2) For all n ∈ N,
∫
RN

fn(x) dx = 1.

3) For all n ∈ N, fn > 0.

then (fn)n∈N converges to δ in D′(RN).

Proof.
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Let ϕ ∈ D(R), given the assumptions, applying the sequence (fn)n∈N, we obtain

|〈fn, ϕ〉 − 〈δ, ϕ〉| =

∣∣∣∣∣∣
∫
RN

fn(x)ϕ(x) dx− ϕ(0)

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∫

B(0,εn)

fn(x) (ϕ(x)− ϕ(0)) dx

∣∣∣∣∣∣∣
6 sup

x∈B(0,εn)

|ϕ(x)− ϕ(0)|
∫
RN

fn(x) dx

6 |ϕ(xn)− ϕ(0)| n→+∞−→ 0,

while for all n ∈ N, there exists xn ∈ B(0, εn) such that

sup
x∈B(0,εn)

|ϕ(x)− ϕ(0)| = |ϕ(xn)− ϕ(0)| .

Example 3.2.

Let the function f defined by

f(x) =
1√
2π
e−

x2

2 .

f is a C∞ function on R, and we have

+∞∫
−∞

f(x) dx = 1.

Consider the sequence defined by

fn(x) = nf(nx), ∀n ∈ N.

According to the previous theorem, we have

lim
n→∞

(Tfn)′ = lim
n→∞

Tf ′n = δ′,

as fn is differentiable on R, and then

lim
n→+∞

+∞∫
−∞

− n3x√
2π
e−

n2x2

2 ϕ(x) dx = −ϕ′(0), ∀ϕ ∈ D(R).
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3.2 Proposition (Uniform convergence on any compact set implies convergence in D′)
Let (fn)n∈N be a sequence of continuous functions on RN . If (fn)n∈N converges

uniformly on any compact set to f , then (fn)n∈N converges in the sense of

distributions to f .

Proof.

For all ϕ ∈ D(R), we have

|〈Tfn , ϕ〉 − 〈Tf , ϕ〉| 6 sup
x∈K
|f(x)− fn(x)| sup

x∈K
|ϕ(x)|

where K is a compact set containing the support of ϕ. As (fn)n∈N converges uni-

formly on K to f , the right-hand side of the previous inequality tends to 0 as n

tends to infinity.

3.3 Theorem
Let (fn)n∈N be a sequence of functions in L1

loc(Ω) such that

1) fn −→ f almost everywhere in Ω

2) there exists g ∈ L1
loc(Ω), |fn(x)| 6 g(x) for all n ∈ N.

then fn
D′−→ f and f ∈ L1

loc(Ω).

Proof.

fn
D′−→ f if and only if

∀ϕ ∈ D(R),

∫
Ω

fn(x)ϕ(x) dx→
∫
Ω

f(x)ϕ(x) dx.

Let ϕ ∈ D(R), and suppϕ ⊂ K, for all ε > 0, let Kε = ∪
x∈K

B(x, ε), we have

ϕn = fnϕ→ fϕ a.e in Ω

Furthermore

|ϕn(x)| = |fn(x)ϕ(x)| 6 g(x)|ϕ(x)| for all n ∈ N.
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g|ϕ| ∈ L1(Kε), then by Lebesgue’s dominated convergence theorem, fϕ ∈ L1(Kε)

and

∀ϕ ∈ D(R),

∫
Ω

fn(x)ϕ(x) dx→
∫
Ω

f(x)ϕ(x) dx.

and then fn
D′−→ f and f ∈ L1

loc(Ω).

3.3 Distribution Series

3.3 Definition

We consider the sequence of distributions (Tn)n∈N . We say that the distri-

bution series
∑
n∈N

Tn defines a distribution T in D′ if the sequence of partial

sums

Sn =
n∑
k=0

Tk

converges in the distribution sense to T , meaning

lim
n→∞

Sn
D′
= lim

n→∞

n∑
k=0

Tk
D′
= T.

3.4 Theorem (term-by-term differentiation)

If the series
∑
n∈N

Tn converges to the distribution S, then the series
∑
n∈N

DαTn

converges to DαS, that is

S =
∑
n∈N

Tn −→ DαS =
∑
n∈N

DαTn.
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3.4 Exercises on Chapter 3

Exercice 13.

Let the sequence (fn)n∈N be defined as

fn(x) =

 n if x ∈]− 1
2n
, 1

2n
[,

0 if x ∈ CR
(
]− 1

2n
, 1

2n
[
)
.

1) Study simple convergence.

2) Show that (fn)n∈N converges in D′(R) to the Dirac delta function δ.

Exercice 14.

Let (fn)n∈N be a sequence of functions defined by

fn =
lnx

1 + x2 +
1

n

, x ∈ I =]0,+∞[.

1− Show that fn defines a distribution on I.

2− Show that the sequence (fn)n∈N converges in D′(I).

Exercice 15.

Let (fn)n∈N be a sequence defined for all n ∈ N by fn(x) =
√
ne−nx

2 .

Study the convergence of (fn)n∈N in D′(R). (hint:
+∞∫
−∞

e−x
2
dx =

√
π.)

Exercice 16.

Show that the sequence of distributions (Tn)n>1 defined by

Tn = n
(
δ 1
n
− δ− 1

n

)
, ∀n ∈ N?,

converges to −2δ′ in D′(R).

Exercice 17.

Let (fn)n∈N be the sequence of functions defined by

fn(x) =


sin(nx)
x

if x 6= 0,

n if x = 0.

Show that (fn)n∈N converges in the sense of distributions to πδ.
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Exercice 18.

What are the limits in D′(R), as n→∞, of the following sequences of functions

fn(x) =
n√
π
e−n

2x2 and Fn(x) =

x∫
−∞

fn(t) dt.

Exercice 19.

For all n ∈ N∗, we consider the distribution Tn defined by

Tn = δ − δ 1
n
− 1

n
δ′.

1) Show that the sequence of distributions Tn tends to zero in D′(R).

2) Show that the numerical series with terms 〈Tn, ϕ〉 converges. Deduce that the

series of distributions with terms Tn converges in D′(R).

Exercice 20.

Study the convergence in D′(R) of the following series:

N∑
n=0

δ(n)
n ,

N∑
n=0

δ(n).

Hint: For the second series, take ψ equal to 1 in the neighborhood of 0 and then

consider ϕ(x) = ψ(x)ex.

Exercice 21.

Show that
τ−hT − T

h
−→
h→0

T ′,

in the sense of distributions, for all T ∈ D′(R).
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3.5 Correction of the Exercises in Chapter 3

Correction of Exercise 13

1) Let x ∈ R∗. There exists N ∈ N such that

∀n > N,
1

2n
<

1

2N
6 |x|,

which implies that for all n > N , fn(x) = 0. In other words, for a certain

rank, fn(x) = 0, and thus

lim
n→+∞

fn(x) = 0 ∀x ∈ R∗.

2) Method 1: We have
+∞∫
−∞

fn(x) dx =

1
2n∫

1
2n

n dx = 1.

Let ϕ ∈ D(R). Since 〈δ, ϕ〉 = ϕ(0), we have

|〈fn, ϕ〉 − 〈δ, ϕ〉| =

∣∣∣∣+∞∫
−∞

(fn(x)ϕ(x)− ϕ(0)) dx

∣∣∣∣
=

∣∣∣∣∣∣
1
2n∫
− 1

2n

n (ϕ(x)− ϕ(0)) dx

∣∣∣∣∣∣
6 sup

x∈[− 1
2n
, 1
2n

]

|ϕ(x)− ϕ(0)|
1
2n∫
1
2n

n dx

6 |ϕ(xn)− ϕ(0)| n→+∞−→ 0,

because for all n ∈ N, there exists xn ∈ [− 1
2n
, 1

2n
] such that

sup
x∈[− 1

2n
, 1
2n

]

|ϕ(x)− ϕ(0)| = |ϕ(xn)− ϕ(0)| .

Method 2: Let ϕ ∈ D(R). We have

< fn, ϕ > −ϕ(0) =

1
2n∫

− 1
2n

n(ϕ(x)− ϕ(0)) dx,
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Let y = nx, then

< fn, ϕ > −ϕ(0) =

1
2∫

− 1
2

(
ϕ
(y
n

)
− ϕ(0)

)
dy,

Using the mean value theorem, we deduce that

|< fn, ϕ > −ϕ(0)| 6 1

2n
sup
y∈R

∣∣∣ϕ(y
n

)
− ϕ(0)

∣∣∣ 6 1

2n
sup
t∈R
|ϕ′(t)| −→

n→+∞
0.

Correction of Exercise 14

1) fn is continuous on I =]0,+∞[, so it belongs to L1
loc(I), therefore, fn ∈ D′(I).

2) As

fn −→ f, a.e in I,

where f(x) =
lnx

1 + x2
, and there exists C > 0 such that

|fn(x)ϕ(x)| 6 C|ϕ(x)|, ∀x ∈ I,

where f is in L1
loc(I), by the dominated convergence theorem, we deduce that

(fn)n∈N converges to f in D′(I).

Correction of Exercise 15

fn is continuous on R, so fn ∈ L1
loc(R), then fn ∈ D′(R). Let ϕ ∈ D(R), using the

change of variable y =
√
nx, we obtain

< fn, ϕ > =
√
n

+∞∫
−∞

e−nx
2

ϕ(x) dx

=

+∞∫
−∞

e−y
2

ϕ

(
y√
n

)
dy.

Applying the dominated convergence theorem to the sequence e−y
2
ϕ
(

y√
n

)
, which

converges almost everywhere in R to e−y
2
ϕ (0) and is dominated by the function

sup |ϕ(x)|e−y2, which belongs to the L1(R) space, we get

< fn, ϕ >−→
n→∞

√
πϕ(0) =<

√
πδ, ϕ >
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Correction of Exercise 16

For all ϕ ∈ D(Ω), we have〈
δ 1
n
− δ− 1

n
, ϕ
〉

=
〈
δ 1
n
, ϕ
〉
−
〈
δ− 1

n
, ϕ
〉

= ϕ

(
1

n

)
− ϕ

(
− 1

n

)
,

Using a Taylor expansion to order 2 in the neighborhood of 0, we obtain〈
δ 1
n
− δ− 1

n
, ϕ
〉

=ϕ(0) +
1

n
ϕ′(0) +

1

2n2
ϕ′′(0) + o

(
1

n2

)
−
(
ϕ(0)− 1

n
ϕ′(0) +

1

2n2
ϕ′′(0)− o′

(
1

n2

))
,

=
2

n
ϕ′(0) + o

(
1

n2

)
+ o′

(
1

n2

)
,

thus

lim
n→+∞

〈
n
(
δ 1
n
− δ− 1

n

)
, ϕ
〉

= 2ϕ′(0) = 〈−2δ′, ϕ〉 ,

in D′(Ω), so,

lim
n→+∞

n
(
δ 1
n
− δ− 1

n

)
= −2δ′.

Correction of Exercise 17

Let ϕ ∈ D(R), then there exists a > 0 such that suppϕ ⊂ [−a, a], then

〈fn, ϕ〉 =

a∫
−a

sin(nx)

x
ϕ(x) dx.

Let χ be the characteristic function of the interval [−a, a], then

〈fn, ϕ〉 = ϕ(0)

na∫
−na

sin y

y
dy +

+∞∫
−∞

χ(x) sin(nx)
ϕ(x)− ϕ(0)

x
dx

As n tends to infinity, the first integral on the right-hand side converges to πδ, and

the second integral converges to 0 by the dominated convergence theorem applied to

the sequence χ(x) sin(nx)ϕ(x)−ϕ(0)
x

, which converges almost everywhere in R to 0 and

is bounded by the function x 7→ χ(x)ϕ(x)−ϕ(0)
x

, which is integrable on R.
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Correction of Exercise 18

fn is continuous on R, then fn ∈ L1
loc(Ω), thus fn ∈ D′(Ω). Let ϕ ∈ D(Ω), using the

change of variable u = nx, we obtain

〈fn, ϕ〉 =

∫ +∞

−∞
fn(x)ϕ(x) dx

=
1√
π

∫ +∞

−∞
e−n

2x2ϕ(x) dx

=
1√
π

+∞∫
−∞

e−u
2

ϕ
(u
n

)
du.

By the dominated convergence theorem applied to the sequence e−u2ϕ
(

u√
n

)
, which

converges almost everywhere in R to e−u
2
ϕ (0) and is dominated by the function

sup |ϕ(x)|e−u2 that belongs to the L1(R) space, we have

〈fn, ϕ〉 →
1√
π

+∞∫
−∞

e−u
2

ϕ(0) du = ϕ(0) =< δ, ϕ >,

(fn)n∈N converges to the Dirac delta function in D′(R).

We have

Fn(x) =

x∫
−∞

fn(t) dt =
1√
π

nx∫
−∞

e−u
2

du,

the sequence (fn)n∈N converges pointwise to the function F defined by

F (x) =


0 if x < 0,

1
2

if x = 0,

1 if x > 0.

By the dominated convergence theorem, we deduce that

+∞∫
−∞

Fn(x)ϕ(x) dx→
+∞∫
0

ϕ(x) dx =

+∞∫
0

H(x)ϕ(x) dx

(Fn)n∈N converges to the function H in D′(R).

Correction of Exercise 19
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1) Let ϕ ∈ D(R), we have

> 〈Tn, ϕ〉 =

〈
δ − δ 1

n
− 1

n
δ′, ϕ

〉
= 〈δ, ϕ〉 −

〈
δ 1
n
, ϕ
〉
− 1

n
〈δ′, ϕ〉

= 〈δ, ϕ〉 −
〈
δ 1
n
, ϕ
〉

+
1

n
〈δ, ϕ′〉

= ϕ(0)− ϕ
(

1

n

)
+

1

n
ϕ′(0),

Since ϕ is continuous, we have

lim
n→+∞

ϕ

(
1

n

)
= ϕ(0)

Therefore,

lim
n→+∞

〈Tn, ϕ〉 = 0,

the sequence of distributions Tn tends to 0 in D′(R).

2) Let ϕ ∈ D(R) and n ∈ N∗, applying the Taylor series to the function ϕ on the

interval [0, 1
n
] to order two gives

ϕ

(
1

n

)
= ϕ(0) +

1

n
ϕ′(0) +

1

2n2
ϕ′′ (ξn) ,

where ξn ∈ [0, 1
n
]. then

〈Tn, ϕ〉 = − 1

2n2
ϕ′′ (ξn) , ∀n ∈ N∗,

as ϕ is of class C2 and has compact support on R, we can set

M =
1

2
sup
x∈R
|ϕ′′(x)| .

so,

∀n ∈ N∗, |〈Tn, ϕ〉| 6
M

n2
.

The series with terms 1
n2 is convergent, by the comparison test, the numerical

series with terms 〈Tn, ϕ〉 is absolutely convergent, and thus convergent.

Since, for all ϕ, the series with terms 〈Tn, ϕ〉 is convergent, we deduce that the

series of distributions with terms Tn converges in D′(R).
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Correction of Exercise 20

1) Let ϕ ∈ D(R), we have〈
N∑
n=0

δ(n)
n , ϕ

〉
=

N∑
n=0

(−1)nϕ(n)(n) −→
N→+∞

+∞∑
n=0

(−1)nϕ(n)(n)

where the term on the right is well-defined; it is an example of a distribution

of infinite order (see [reference 21, 6]).

2) On the other hand, the second series does not converge in D′(R). To see this, it is

sufficient to consider ψ ∈ D(R) equal to 1 in a neighborhood of 0 and evaluate

the series in question with the test function ϕ(x) = ψ(x)ex. Indeed, for all

n ∈ N, by the Leibniz formula, ϕ(n)(0) = 1, which ensures that the series〈
N∑
n=0

δ(n), ϕ

〉
=

N∑
n=0

(−1)nϕ(n)(0) =
N∑
n=0

(−1)n

is divergent.

Correction of Exercise 21

We have the following convergence

τ−hT − T
h

−→
h→0

T ′, in

in D′(R), if and only if, for all ϕ ∈ D(R)〈
τ−hT − T

h
, ϕ

〉
−→
h→0
〈T ′, ϕ〉 ;

We have 〈
τ−hT − T

h
, ϕ

〉
=

〈
τ−hT

h
, ϕ

〉
−
〈
T

h
, ϕ

〉
=
〈
τ−hT,

ϕ

h

〉
−
〈
T,
ϕ

h

〉
=
〈
T,
τhϕ

h

〉
−
〈
T,
ϕ

h

〉
=

〈
T,
τhϕ− ϕ

h

〉
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On the other hand,

τhϕ(x)− ϕ(x)

h
=
ϕ(x− h)− ϕ(x)

h

= −ϕ(x+ h)− ϕ(x)

h
,

then

−ϕ(x+ h)− ϕ(x)

h
−→
h→0
−ϕ′

in D(R). Due to the continuity of T , we deduce that〈
T,
τhϕ− ϕ

h

〉
−→
h→0
−〈T, ϕ′〉 .
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CHAPTER 4

OPERATIONS ON DISTRIBUTIONS

4.1 Introduction

In this Chapter, we will delve into operations on distributions. Several operations

defined for functions can be extended in a similar manner for distributions. We also

introduce the concept of multiplication of a distribution by a C∞ function, which is a

crucial ingredient when dealing with differential equations with variable coefficients.

Similar to the concept of a function’s support, we define the support of a distribu-

tion. This is a somewhat technical aspect, but it is important as it has applications

in various mathematical branches like differential geometry and Lie group theory.

Chapter Objectives

• Understand how to solve differential equations in D′.

• Get acquainted with the notion of the support of a distribution.

4.2 Operations on Distributions

In all that follows, let T ∈ D′(Ω).
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4.1 Definition (Addition)

The sum of two distributions T1 and T2 in D′(Ω) is defined as:

〈T1 + T2, ϕ〉 = 〈T1, ϕ〉+ 〈T2, ϕ〉, ∀ϕ ∈ D(Ω).

4.2 Definition (Multiplication by a Constant)
The multiplication of a distribution by a constant λ ∈ C is defined as:

〈λT, ϕ〉 = 〈T, λϕ〉, ∀ϕ ∈ D(Ω).

Remark 4.1. Based on the definitions above, we equip the space D′(Ω) with the

structure of a vector space over C.

4.3 Definition (Restriction to an Open Set)
Let U be an open set in Ω. The restriction of T to U, denoted as T|U , is a

distribution on U defined by:

〈T|U , ϕ〉 = 〈T, ϕ〉, ∀ϕ ∈ D(U).

This definition makes sense because every element ϕ in D(U) can be consid-

ered as an element ofD(Ω) by extending it as zero outside of U. The continuity

can be easily verified.

Example 4.1. δ|R? = 0. In fact, for all ϕ ∈ D(R?), with suppϕ ⊂ R?, we have

ϕ(0) = 0, and thus:

〈δ|R? , ϕ〉 = ϕ(0) = 0.

Exercise 4.1. Show that vp
(

1
x

)
|R?+

= 1
x
.

4.4 Definition (Translation of a Function)

Let f : RN → C be a function, and h ∈ RN . The translation τhf of f by h

is the function defined as:

τhf(x) = f(x− h), ∀x ∈ RN .
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Assuming that f ∈ L1
loc(R), for all ϕ ∈ D(R), the associated regular distribution

of τhf is given by:

〈Tτhf , ϕ〉 =

∫
R

f(x− h)ϕ(x) dx

=

∫
R

f(x)ϕ(x+ h) dx

=

∫
R

f(x)τ−hϕ(x) dx

= 〈Tf , τ−hϕ〉 .

This justifies the following definition.

4.5 Definition (Translation of a Distribution/Periodic Distribution)
We call the translation of T, denoted as τhT, the distribution defined as:

〈τhT, ϕ〉 = 〈T, τ−hϕ〉 , ∀ϕ ∈ D(Ω).

The distribution T is called periodic with period h if τhT = T .

Example 4.2. For all ϕ ∈ D(Ω), we have

〈τhδ, ϕ〉 = 〈δ, τ−hϕ〉

= τ−hϕ(0)

= ϕ(h)

= 〈δh, ϕ〉 ,

then

τhδ
D′
= δh.

4.6 Definition (Symmetric of a Function)

Let the function f : RN → C. The symmetric f̂ of f is the function defined

as:

f̂(x) = f(−x), ∀x ∈ RN .
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The graph of f̂ is symmetric to that of f with respect to the yy′ axis.

Let f ∈ L1
loc(R). For all ϕ ∈ D(R), we have:

〈
f̂ , ϕ

〉
=

+∞∫
−∞

f(−x)ϕ(x) dx

=

+∞∫
−∞

f(x)ϕ(−x) dx

= 〈f, ϕ̂〉 .

4.7 Definition (Symmetric of a Distribution/Parity)

We call the symmetric of T, denoted as T̂ , the distribution defined as:〈
T̂ , ϕ

〉
= 〈T, ϕ̂〉 , ∀ϕ ∈ D(Ω).

The distribution T is called even if T̂ = T, and it is called odd if T̂ = −T .

Example 4.3.

For all ϕ ∈ D(Ω), we have: 〈
δ̂, ϕ
〉

= 〈δ, ϕ̂〉

= ϕ(0)

= 〈δ, ϕ〉 .

So, δ̂ = δ, and therefore, δ is an even distribution.

The distribution δ′ is odd, and it can be easily shown that δ̂′ = −δ′.

Remark 4.2. Every distribution can be expressed as the sum of an even distribution

and an odd distribution.

There is no multiplication possible between two arbitrary distributions. However,

the multiplication of a distribution with a C∞ function can be defined.
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Let g ∈ C∞(Ω) and f ∈ L1
loc(Ω). Then gf ∈ L1

loc(Ω), and for all ϕ ∈ D(Ω), we

have:

〈gf, ϕ〉 =

∫
Ω

f(x)g(x)ϕ(x) dx

= 〈f, gϕ〉.

We can extend this property to distributions.

4.8 Definition (Multiplication by a C∞ Function)

Let T ∈ D′(Ω) and f ∈ C∞(Ω). We define the product fT of a distribu-

tion and a function as follows:

〈fT, ϕ〉 = 〈T, fϕ〉, ∀ϕ ∈ D(Ω).

Remark 4.3.

〈fT, ϕ〉 is well-defined because fϕ ∈ D(Ω) for ϕ ∈ D(Ω) and f ∈ C∞(Ω).

Furthermore, if ϕ ∈ DK(Ω) for a compact set K in Ω, then fϕ ∈ DK(Ω), and

we have:

|〈fT, ϕ〉| = |〈T, fϕ〉| 6 C sup
x∈K,|α|6m

|Dα(fϕ)|.

Using the Leibniz formula, we obtain:

sup
x∈K,|α|6m

|Dα(fϕ)| 6 C sup
x∈K,|α|6m

|Dαf | sup
x∈K,|α|6m

|Dαϕ|,

which means:

|〈fT, ϕ〉| 6 C ′ sup
x∈K,|α|6m

|Dαϕ|, ∀ϕ ∈ DK(Ω),

where C ′ = C supx∈K,|α|6m |Dαf |. This implies that fT ∈ D′(Ω) and the order of fT

is lower than the order of T .

Example 4.4.

1) Let f : R→ C be a C∞ function that never vanishes. For all distributions T ,

we have:

fT = 0⇐⇒ T = 0.
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2) Let f ∈ C∞(Ω) and a ∈ Ω. For all ϕ ∈ D(Ω), we have:

〈fδa, ϕ〉 = 〈δa, fϕ〉

= 〈f(a)δa, ϕ〉 .

Then,

fδa = f(a)δa.

In particular,

xδ = 0.

3) For all x ∈ R, we have:

x vp
1

x
= 1.

Recall that the principal value of Cauchy, vp
1

x
, is the distribution defined by:

∀ϕ ∈ D(R),

〈
vp

1

x
, ϕ

〉
= lim

ε→0

∫
|x|>ε

ϕ(x)

x
dx.

So, for all ϕ ∈ D(R), we have:〈
x vp

1

x
, ϕ

〉
=

〈
vp

1

x
, xϕ

〉
= lim

ε→0

∫
|x|>ε

ϕ(x) dx

= lim
ε→0


−ε∫
−∞

ϕ(x) dx+

+∞∫
ε

ϕ(x) dx


=

+∞∫
−∞

1ϕ(x) dx

= 〈1, ϕ〉 ,

where 1 denotes the regular distribution associated with the constant function

x 7→ 1.
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Remark 4.4. The relation x vp 1
x

= 1 is extremely interesting because it allows us

to deduce that the inverse of x in the sense of distributions is the distribution vp 1
x

and not 1
x
(which defines a regular distribution).

Let f ∈ C(R) and T ∈ D′(R). By applying integration by parts, we obtain:

(fT )′ = fT ′ + f ′T,

in the sense of distributions.

4.1 Proposition (Equation xT = 0)

Let T ∈ D′(R). If xT = 0, then T = cδ, where c ∈ R.

Proof.

Let ϕ ∈ D(R) and χ ∈ D(R) such that χ = 1 in the neighborhood of 0. Define the

function ψ as follows:

ψ(x) =


ϕ(x)−ϕ(0)χ(x)

x
if x 6= 0,

ϕ′(0) if x = 0.

Then ψ ∈ D(R), and we have:

ϕ(x) = ϕ(0)χ(x) + xψ(x),

As xT = 0, we get:

〈T, ϕ〉 = ϕ(0) 〈T, χ〉 ,

Therefore,

T = cδ,

where c = 〈T, χ〉.

Example 4.5.

The function x → 1
x2

is not locally integrable on R, and therefore, it cannot be
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associated with a regular distribution. To eliminate the divergent part of the integral∫ +∞
0

ϕ(x)
x2

for ϕ ∈ D(R), we define the finite part as:(
Pf

1

x2
, ϕ

〉
=

∫ +∞

0

ϕ(x) + ϕ(−x)− 2ϕ(0)

x2
dx.

It can be easily verified that we have:

xPf
1

x2
= vp

1

x
and x2 Pf

1

x2
= 1.

4.2 Proposition (Leibniz’s formula)

Let T ∈ D′(Ω), f ∈ C∞(Ω), and i ∈ {1, . . . , N}, then

∂

∂xi
(fT ) =

∂f

∂xi
T + f

∂T

∂xi
.

Proof.

For all ϕ ∈ D(Ω), we have〈
∂

∂xi
(fT ), ϕ

〉
= −

〈
fT,

∂ϕ

∂xi

〉
= −

〈
T, f

∂ϕ

∂xi

〉
= −

〈
T,

∂

∂xi
(fϕ)− ∂f

∂xi
, ϕ

〉
=

〈
∂T

∂xi
, fϕ

〉
+

〈
∂f

∂xi
T, ϕ

〉
=

〈
∂f

∂xi
T + f

∂T

∂xi
, ϕ

〉
.

Generalization (Leibniz’s formula)

Let T ∈ D′(Ω), and

Dα(fϕ) =
∑
β6α

Cβ
αD

βfDα−βϕ.

80 y.benia@univ-alger.dz



4.2 Operations on Distributions Chapter 4

4.3 Distributions with Compact Support

In this section, we will extend the bracket 〈T, ϕ〉D′,D to the case where the function

ϕ does not have compact support, which will allow us to define the convolution of

distributions.
4.9 Definition (Support of a distribution/nullification open set)
The support of a distribution T is denoted by suppT = CΩw, where w is

the largest open set on which T is zero.

w is called the nullification open set of T .

The existence of the open set w is guaranteed by the following proposition:
4.3 Proposition

Let T ∈ D′(Ω). There exists a largest open set w ⊂ Ω such that the restriction

T|w is zero.

Proof.

Let (wi)i∈I be a family of open sets in Ω such that T|wi = 0. Let w be their union.

We need to show that T|w = 0. For this, let ϕ ∈ D(w). Since supp(ϕ) is a compact

set included in U , there exists a finite number of open sets w1, . . . , wn such that

supp(ϕ) ⊂
n⋃
i=1

wi and T|wi = 0, ∀i = 1, . . . , n.

Let (ρi)i=1,...,n be a partition of unity associated with the covering of supp(ϕ) by the

open sets (wi)16i6n, then ϕ =
n∑
i=1

ρiϕ with ρiϕ ∈ D (wi). Consequently,

〈T, ϕ〉 =
n∑
i=1

〈T, ρiϕ〉 =
n∑
i=1

〈
T|wi , ρiϕ

〉
= 0.

Example 4.6.

The support of a regular distribution Tf is identical to the support of the function

f ∈ L1
loc(Ω), meaning

supp (Tf ) = supp(f).
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Indeed, if w is an open set of Ω on which T vanishes, then:

〈T, ϕ〉 = 0, ∀ϕ ∈ D(w).

if and only if: ∫
Ω

f(x)ϕ(x) dx = 0,

which is equivalent to:

f(x) = 0 a.e. in w.

Example 4.7.

The support of the distribution associated with the Heaviside function [0,+∞[

Example 4.8.

The support of δa is {a}, called a point support. Indeed, for all ϕ ∈ D (Ω \ {a}), we

have:

〈δa, ϕ〉 = ϕ(a) = 0,

thus supp δa ⊂ {a}. Conversely, there exists ψ = 1 in the neighborhood of a, then:

〈δa, ψ〉 = ψ(a) = 1,

so: a ∈ supp δa.

Example 4.9.

Let α ∈ Nn, a ∈ Ω, and T is the distribution defined by

〈T, ϕ〉 = Dαϕ(a), ∀ϕ ∈ D(Ω).

then supp(T ) = {a}.

Indeed, if ϕ ∈ D(Ω \ {a}), we have

〈T, ϕ〉 = 0,

so supp(T ) ⊂ {a}. To prove that a ∈ supp(T ), consider an open neighborhood V of

a and χ ∈ D(V ) such that χ = 1 in the neighborhood of a. Let

ϕ(x) =
(x− a)α

α!
χ(x),
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then ϕ ∈ D(V ). Using the Leibniz formula, we find that Dαϕ(a) = 1; therefore,

a ∈ supp(T ).

Let E ′(Ω) be the topological dual of the functional space E(Ω) = C∞(Ω) equipped

with its natural topology.

4.1 Theorem
The injective application

Id : D(Ω) ↪→ E(Ω)

is continuous.

Proof.

Consider (Ki) as an exhaustive family of compact subsets of Ω. By definition, the

injection DKi(Ω) ↪→ E(Ω) is continuous. According to Proposition 2.5.1, it follows

that Id is continuous since D(Ω) =
⋃
iDKi(Ω).

As a consequence of this result, every bounded subset of D(Ω) is a bounded

subset of the space E(Ω). Furthermore,

4.2 Theorem

The set D(Ω) is a dense subspace in E(Ω).

Proof.

Let (Ki) be an exhaustive family of compact subsets of Ω. There exists a family of

functions in D(Ω), denoted as (βi), such that βi ≡ 1 in each neighborhood of Ki. If

ϕ ∈ D(Ω), let ϕi = βiϕ ∈ D(Ω). It is easy to verify that ϕi → ϕ in D(Ω).

On the other hand, we have the injection

E ′(Ω) ↪→ D′(Ω)

So, any element T ∈ E ′(Ω) defines a distribution on Ω.
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4.3 Theorem

T ∈ E ′(Ω) if and only if there exists C > 0, an integer m > 0, and a compact

set K ⊂ Ω such that:

|〈T, ϕ〉| 6 C sup
|α|6m,x∈K

|Dαϕ(x)| , ∀ϕ ∈ E(Ω).

Proof.

If T ∈ E ′(Ω), there exists a neighborhood of 0 in E(Ω) of the form

V = {ϕ ∈ E(Ω), PK,m(ϕ) 6 ε} ,

such that

| 〈T, ϕ〉 | 6 1, ∀ϕ ∈ V.

Choose ϕ such that PK,m(ϕ) 6= 0. Then, ε/PK,m(ϕ) ∈ V . It follows that

| 〈T, ϕ〉 | 6 ε−1PK,m(ϕ)

On the other hand, if ϕ ∈ E(Ω) satisfies PK,m(ϕ) = 0, then 〈T, ϕ〉 = 0. Indeed, such

a function ϕ is in V as well as the functions λϕ, λ ∈ K. If 〈T, ϕ〉 6= 0, then | 〈T, λϕ〉 |

can be chosen arbitrarily large, contradicting the first inequality. Therefore, the first

inequality holds for all ϕ ∈ E(Ω). The rest of the proof is straightforward.

More precisely, we will show that:

4.4 Theorem

The elements of the functional space E ′(Ω) are distributions with compact

supports contained in Ω.

Proof.

In the previous proof, we showed that if T ∈ E ′(Ω), there exists ε > 0, an integer

m > 0, and a compact set K in Ω such that for all ϕ ∈ E(Ω) satisfying PK,m(ϕ) 6 ε,

then | 〈T, ϕ〉 | 6 1. We also noticed that for all ϕ ∈ E(Ω) satisfying PK,m(ϕ) = 0, we
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have | 〈T, ϕ〉 | = 0. Since all ϕ ∈ D(Ω \K) satisfy this condition, it follows that T

vanishes on Ω \K, and thus the support of T is contained in K.
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4.4 Exercises on Chapter 4

Exercice 22.

Let I be an open set in R. Show that

1) Tn → T in D′(I), and f ∈ C∞(I). Then fTn → fT in D′(I).

2) T ∈ D′(I), and fn → f in C∞(I). Then fnT → fT in D′(I).

3) For all f ∈ C∞(I) and T ∈ D′(I), we have

supp(fT ) = supp f ∩ suppT.

In particular, if supp f ∩ suppT = ∅, then fT = 0.

Exercice 23.

Solve the following equations in D′(R):

1) xT = 1.

2) x2T = 1.

Exercice 24.

Let f : R→ C be a C∞ function, and δ be the Dirac measure.

1) Verify that fδ = f(0)δ, and deduce that xδ = 0.

2) Verify that fδ′ = f(0)δ3 − f ′(0)δ, and deduce xδ′ = −δ, x2δ′ = 0, and then

xδ(m) = −δ(m−1).

3) Show that d
dx

(fT ) = df
dx
T + f dT

dx
.

4) Verify that x vp 1
x

= 1.

5) Show that, for a distribution T on R to satisfy xT = 0, it is necessary and

sufficient for T to be proportional to δ.

6) Find the distributions T such that xT = 1.
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Exercice 25.

Solve the following differential equations in D′(R):

1) T ′ − cT = δ.

2) T ′ + xT = δ.

3) T ′ + T = H.

4) T ′ + e−xT = δ.

5) T ′ + fT = u, where T, u are distributions, and f ∈ C∞(R).

6) T ′′ − c2T = δ.

Exercice 26.

Provide an example of a distribution T ∈ D′(R) and a function ϕ ∈ D(R) such

that supp(T ) = {0}, ϕ(0) = 0, and 〈T, ϕ〉 6= 0. More generally, if T ∈ D′(R) and

ψ ∈ D(R), what conditions are required for T and ψ such that 〈T, ψ〉 = 0? What

conditions should be imposed on ψ1 and ψ2 ∈ D(R) for 〈T, ψ1〉 = 〈T, ψ2〉?

Exercice 27.

Let ϕ ∈ D(R). Find the support of the following distributions.

1) T1 = δ.

2) 〈T2, ϕ〉 =

1∫
−1

xϕ′(x)dx.

3) 〈T3, ϕ〉 =

+∞∫
−∞

cosxϕ(x)dx.

4) 〈T5, ϕ〉 =

1∫
−1

sgn(x)ϕ′(x)dx.

Exercice 28.

For all ϕ ∈ D(R), consider the following distributions.
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1) 〈T1, ϕ〉 =

+∞∫
−∞

ϕ
(
x2
)

dx.

2) 〈T2, ϕ〉 =

+∞∫
−∞

ϕ′(x) cosx dx.

3) 〈T3, ϕ〉 =

π∫
0

ϕ
(
x2
)

dx.

4) 〈T4, ϕ〉 =

+∞∫
−∞

ϕ′(x) ln(x) dx.

Are these distributions regular? Provide their order and support.

Exercice 29.

Let T be the application from D(R2) to C defined by

〈T, ϕ〉 =

1∫
0

ϕ(x, x+ 1) dx.

1) Show that T is a distribution of finite order.

2) Determine the support of T . Is T of compact support?

Exercice 30.

Let T be the linear mapping from D(R) to C defined by

〈T, ϕ〉 =

+∞∫
−∞

ϕ(x,−x) dx.

1) Show that T ∈ D′(R2). What is its order?

2) Determine the support of T . Deduce that there are no continuous functions on

R2 whose associated distribution is T .

3) Calculate
∂T

∂x
− ∂T

∂y
.
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4.5 Correction of the Exercises in Chapter 4

Correction of Exercise 22

1) For all ϕ ∈ D(I), the function fT belongs to D(I), and we have

〈fTn, ϕ〉 = 〈Tn, fϕ〉 = 〈T, fϕ〉 = 〈fT, ϕ〉 as n→∞.

2) Recall that fn → f in C∞(I) if and only if for all integers k ∈ N and all compact

subsets K ⊂ I,

sup
x∈K

∣∣f (k)
n (x)− f (k)(x)

∣∣→ 0 as n→∞.

Since ϕ ∈ D(I), then fnϕ→ fϕ in D(I). Thus, for all ϕ ∈ D(I),

〈fnT, ϕ〉 = 〈T, fnϕ〉 → 〈T, fϕ〉 = 〈fT, ϕ〉 as n→∞.

3) Let O = I \ (supp f ∩ suppT ) and ϕ ∈ C∞0 (O). As

supp(fϕ) = supp f ∩ suppϕ ⊂ I \ suppT,

then

〈fT, ϕ〉 = 〈T, fϕ〉 = 0.

We conclude that fT is zero on any function ϕ ∈ C∞0 (O), which proves the

desired result.

Correction of Exercise 23

1) Let T1 and T2 be two solutions in D′(R) to the equation xT = 1. Then T2 − T1

is a solution to xT = 0, which implies

T2 = T1 + cδ,

where c ∈ C. Furthermore, T1 = vp
(

1
x

)
is a solution to the equation xT = 1.

This leads to the conclusion that the set of solutions is

S =

{
vp

(
1

x

)
+ cδ, c ∈ C

}
.
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2) Similarly, we can express solutions in the form

T1 + c1δ + c2δ
′,

where T1 is any solution, and c1 and c2 are complex numbers. So, we just need

to find T1 such that x2T1 = 1. Let ϕ ∈ D(R), then there exists a > 0 such that

suppϕ ⊂ [−a, a], and we have〈
−x2 vp′

(
1

x

)
ϕ

〉
=

〈
vp

(
1

x

)
,
(
x2ϕ

)′〉
=

〈
vp

(
1

x

)
, 2xϕ+ x2ϕ′

〉
= 〈2, ϕ〉+

∫ a

−a
xϕ′(x) dx

= 〈1, ϕ〉.

Thus, the set of solutions is

S =

{
vp′
(

1

x

)
+ c1δ + c2δ

′, c1, c2 ∈ C
}
.

Correction of Exercise 24

1) Let ϕ ∈ D(R), we have

〈fδ, ϕ〉 = 〈δ, fϕ〉 = f(0)ϕ(0) = 〈f(0)δ, ϕ〉 ,

thus f(x)δ) = f(0)δ, so, xδ = 0.

2) Let ϕ ∈ D(R), and f be a C1 function on R, then

〈f(0)δ′ − f ′(0)δ, ϕ〉 = −f(0)ϕ′(0)− f ′(0)ϕ(0)

= −(fϕ)′(0)

= 〈δ′, fϕ〉 ,

then

〈f(0)δ′ − f ′(0)δ, ϕ〉 = 〈fδ′, ϕ〉 .
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For f(x) = x, and then f(x) = x2, we obtain

xδ′ = −δ, x2δ′ = 0,

We can show by induction that

xδ(m) = −δ(m−1), ∀m ∈ N.

3) Let ϕ ∈ D(R), we have〈
df

dx
T + f

dT

dx
, ϕ

〉
=

〈
T,
df

dx
ϕ

〉
+

〈
dT

dx
, fϕ

〉
=

〈
T,
df

dx
ϕ

〉
−
〈
T,

d

dx
(fϕ)

〉
= −〈T, fϕ′〉

= −〈fT, ϕ′〉

=

〈
d

dx
(fT ), ϕ

〉
.

4) For all ϕ ∈ D(R), we have〈
x vp

1

x
, ϕ

〉
=

〈
vp

1

x
, xϕ

〉
= lim

ε→0

∫
|x|>ε

ϕ(x) dx

= lim
ε→0


−ε∫
−∞

ϕ(x) dx+

+∞∫
ε

ϕ(x) dx


=

+∞∫
−∞

ϕ(x) dx

= 〈1, ϕ〉

5) According to 2), xδ = 0. Conversely, let T be such that xT = 0, then for all

ϕ ∈ D(R)

〈xT, ϕ〉 = 0,
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thus

〈T, xϕ〉 = 0.

But ψ is of the form xϕ if and only if 〈δ, ψ〉 = 0.

6) We have

xT = 1,

As x vp 1
x

= 1, then

x

(
T − vp

1

x

)
= 0,

so,

T = vp
1

x
+ cδ.

Correction of Exercise 25

1) We have

T ′ − cT = δ,

by multiplying both sides by e−cx, we find

e−cx (T ′ − cT ) = e−cxδ

as e−cxδ = δ, then

e−cx (T ′ − cT ) = δ,

so, (
e−cxT

)′
= δ,

but H ′ = δ, so,

e−cxT = H + c,

we deduce that

T = ecx(H + c).
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2) By multiplying both sides of the equation T ′ + xT = δ by e−
x2

2 , we obtain

(T ′ + xT ) e
x2

2 = δe
x2

2 .

As δe
x2

2 = δ, then (
Te

x2

2

)′
= δ,

we deduce that

Te
x2

2 = H(x) + c,

because H ′ = δ, thus

T = (H(x) + c)e−
x2

2 .

3) We multiply both sides of the equation by ex

(T ′ + xT ) ex = H(x)ex,

then

(uex)′ = H(x)ex,

consequently

Tex =

x∫
−∞

H(t)et dt+ c.

As
x∫

−∞

H(t)et dt =

 ex − 1 if x > 0,

0 if x < 0,

then

T = (H(x) (ex − 1) + c) e−x.

4) We multiply both sides of the equation by ee−x, thus

(
T ′ + e−xT

)
e−e

−x
= e−e

−x
δ′,

so (
Te−e

−x
)′

= e−e
−x
δ′.
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Moreover

f(x)δ′ = −f ′(0)δ + f(0)δ′.

For f(x) = e−e
−x, we find

e−e
−x
δ′ = −e−1δ + e−1δ′,

hence

Te−e
−x

= −e−1H(x) + e−1δ + c,

then

T =
(
−e−1H(x) + e−1δ + c

)
ee
−x
.

5) Let F be an antiderivative of f , we have

T ′ + f(x)T = u,

by multiplying both sides by eF (x), we find

(T ′ + f(x)T ) eF (x) = ueF (x),

then (
TeF (x)

)′
= ueF (x),

T = e−F (x)

∫
u(x)eF (x) dx.

6) Let’s look for a particular solution of T ′′ − c2T = δ in the form of T (x) =

H(x)f(x), where f is of class C2. As H ′ = δ, H ′′ = δ′, then

T ′′ − c2T = H
(
f ′ − c2f

)
+ f(0)δ + f(0)δ′

= δ,

by identification f ′ − c2f = 0, f(0) = 1 and f(0) = 0, f ′, thus

f(x) =
sinh(cx)

c
.

We just need to add the general solution of the associated homogeneous equation

T (x) = C1 cosh(cx) + C2 sinh(cx) +H(x)
sinh(cx)

c
.
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Correction of Exercise 26

Let T = δ′, then for all ϕ in D(R) such that ϕ(0) = 0 and ϕ′(0) 6= 0, we have

〈T, ϕ〉 = −ϕ′(0) 6= 0.

More generally, 〈T, ψ〉 = 0 as soon as ψ is zero in the vicinity of the support of T ,

meaning that the supports of T and ψ are disjoint. We have 〈T, ψ1〉 = 〈T, ψ2〉 as

long as ψ1 and ψ2 are equal in the vicinity of the support of T .

Correction of Exercise 27

1) suppT1 = {0}.

2) Let F = [−1, 1], and let’s show that suppT2 = [−1, 1]. This amounts to demon-

strating that w =]−∞,−1[∪]1,+∞[ is the largest open set where T2 is zero.

? w is open since it’s a union of two open sets.

? T2 is zero on w, indeed, for all ϕ ∈ D(w), we have suppϕ ⊂ w, and 〈T2, ϕ〉 =

0.

? w is the largest open set where T3 is zero. We have

1∫
−1

xϕ′(x)dx = ϕ(1)− ϕ(−1)−
1∫

−1

ϕ(x)dx.

So,

〈T2, ϕ〉 = 〈δ1, ϕ〉 − 〈δ−1, ϕ〉 − 〈Tf , ϕ〉,

where

f(x) =

 1 if x ∈ [−1, 1],

0 if x /∈ [−1, 1],

Let U be an open set in R larger than w. Then there exists ϕ ∈ D(U∩]−
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1, 1[) such that ϕ(x) > 0, and ϕ(1) = ϕ(−1) = 0. Hence,

〈T2, ϕ〉 = 〈δ1, ϕ〉 − 〈δ−1, ϕ〉 −
1∫

−1

ϕ(x)dx

= −
1∫

−1

ϕ(x)dx < 0,

Thus, w is the largest open set in which T2 is zero.

3) Let F = R, and let’s show that suppT3 = R. This amounts to demonstrating

that w = ∅ is the largest open set where T3 is zero.

? w is open.

? T3 is zero in w.

? Let U be an open non-empty set in R larger than w. Then there exist two

real numbers a and b such that [a, b] ⊂ U , and cosx > 0 or cosx < 0

on [a, b]. There also exists a function ϕ ∈ D(]a, b[) such that ϕ(x) > 0.

Therefore,

〈T3, ϕ〉 6= 0,

which implies that T3 does not vanish on any non-empty open set.

4) We have

〈T4, ϕ〉 = −
0∫

−1

ϕ′(x)dx+

1∫
0

ϕ′(x)dx

= ϕ(−1)− 2ϕ(0)− ϕ(−1)

= 〈δ−1 − 2δ + δ1, ϕ〉.

Let F = {−1, 0, 1}, and w = R \ {−1, 0, 1}. It can be shown that w is the

largest open set in which T4 is zero. Therefore, suppT4 = {−1, 0, 1}.

Correction of Exercise 28
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1) Let ϕ ∈ D(R), there exists a > 0 such that suppϕ ⊂ [−a, a]. We have

〈T1, ϕ〉 =

+∞∫
−∞

ϕ
(
x2
)

dx

=

√
a∫

0

ϕ
(
x2
)

dx.

Using the change of variable y = x2, we obtain

T (ϕ) =

∫ a

0

ϕ(y)
1
√
y

dy

T is a regular distribution associated with the function f : x 7→ 1√
x
H(x). It is

of order 0 and its support is suppT1 = R+.

2) Let ϕ ∈ D(R), there exists a > 0 such that suppϕ ⊂ [−a, a]. Integration by parts

gives

〈T2, ϕ〉 =

+∞∫
−∞

ϕ′(x) cosx dx

=

∫ a

−a
ϕ′(x)ex

2

dx

=
[
ϕ(x)ex

2
]a
−a
−
∫ a

−a
2xϕ(x)ex

2

dx

T is a regular distribution associated with the function f : x 7→ −2xex
2.

3) Let ϕ ∈ D(R). Integration by parts gives

〈T3, ϕ〉 =

π∫
0

ϕ
(
x2
)

dx

= [ϕ(x) cosx]π0 +

∫ π

0

ϕ(x) sinxx dx

= −ϕ(π)− ϕ(0) +

∫ π

0

ϕ(x) sinx dx.

T3 = −δπ−δ0 +Tf where f : x 7→ sinxΞ[0,π](x), this distribution is not regular.

It can be easily shown that its support is [0, π].
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4) Let a > 0, for all ϕ ∈ D(R) such that ϕ ⊂ [−a, a], we have

|〈T4, ϕ〉| 6
+∞∫
−∞

|ϕ′(x)| | lnx| dx

6 sup |ϕ′|
∫ A

0

| lnx| dx

T is a distribution of order less than or equal to 1. Let’s show that the order

of T is not 0. Let the sequence (ϕn)n∈N be a sequence defined by

ϕn(x) =

 −1 if x ∈
[

1
n
, 1
]

0 if x /∈
[

1
2n
, 2
]
.

ϕn ∈ D([0, 2]) and −1 6 ϕn 6 0 .

Assume that T is of order 0. Then, there exists C > 0 such that

|〈T4, ϕn〉| 6 C sup |ϕn| 6 C.

Furthermore, ϕn and the function ln are of class C1 on [ 1
2n
, 2], and

〈T4, ϕn〉 =

∫ 2

1
2n

ϕ′n(x) lnxdx

= −
∫ 2

1
2n

ϕn(x)

x
dx

>
∫ 1

1
n

1

x
dx

> lnn.

So, lnn 6 C for all n, which leads to a contradiction.

As for the support of T4, it is clear that suppT ⊂ R+. Furthermore, if x0 > 0,

there exists δ > 0 such that ]x0 − δ, x0 + δ[⊂]0,+∞[. So, if ϕ belongs to

D(]x0 − δ, x0 + δ[), we can calculate 〈T, ϕ〉 through integration by parts, for

x0 ∈ suppT . Therefore ]0,+∞[⊂ suppT , and as suppT is closed, we deduce

that suppT = R+.

Correction of Exercise 29
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1) Let K be a compact subset of R2 and ϕ ∈ DK(R2). We have∣∣∣∣∣∣
1∫

0

ϕ(x, x+ 1) dx

∣∣∣∣∣∣ =

1∫
0

|ϕ(x, x+ 1)| dx

6 sup
(x,y)∈K

|ϕ(x, y)|

6 PK,0(ϕ).

T is a distribution of order 0.

2) Let ∆ ⊂ R2 such that

{(x, x+ 1); 0 6 x 6 1}.

Let w = R2 \∆. w is an open set, and for all D(w), we have

〈T, ϕ〉 =

1∫
0

ϕ(x, x+ 1) dx = 0.

Suppose that there exists an open set U larger than w such that T is zero in

U , then there exists r > 0, B(a, r) ∩ U , with B(a, r) ⊂ U , and a test function

ϕ > 0 and ϕ = 1 in the neighborhood of a. Then there exists ε > 0 such that

ϕ(x, x+ 1) = 1, ∀x ∈ [a− ε, a+ ε]

Therefore,

〈T, ϕ〉 =

a+ε∫
a−ε

ϕ(x, x+ 1) dx =

a+ε∫
a−ε

1 dx = 2ε > 0.

which is absurd, so suppT = ∆.

Correction of Exercise 30

1) Let K be a compact subset of R2 and ϕ ∈ DK(R2). Let K1 = {x ∈ R, (x,−x) ∈

K}, which is compact since K is. We have

|〈T, ϕ〉| 6

∫
K1

dx

 sup
(x,y)∈K

|ϕ(x, y)|.

T is a distribution of order 0.
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2) Let ∆ ⊂ R2 such that

∆ = {(x,−x), x ∈ R}.

Let w = R2 \∆. w is an open set, and for all ϕ in D(w), we have

〈T, ϕ〉 = 0.

Suppose that there exists an open set U larger than w such that T is zero in

U , then there exists r > 0, B(a, r) ∩ U , with B(a, r) ⊂ U , and a test function

ϕ > 0 and ϕ = 1 in the neighborhood of a. Then there exists ε > 0 such that

ϕ(x,−x) = 1, ∀x ∈ [a− ε, a+ ε]

Therefore,

〈T, ϕ〉 =

a+ε∫
a−ε

ϕ(x,−x) dx =

a+ε∫
a−ε

1 dx = 2ε > 0.

which is absurd, thus suppT = ∆.

3) Let ψ(x) = ϕ(x,−x). Then

ψ′(x) =
∂ϕ

∂x
(x,−x)− ∂ϕ

∂y
(x,−x),

then〈
∂T

∂x
− ∂T

∂y
, ϕ

〉
= −

∫
R

(
∂ϕ

∂x
(x,−x)− ∂ϕ

∂y
(x,−x)

)
dx = [ψ(x)]+∞−∞ = 0.
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