gt Al fhagal Ay il 3 Ay sgand
el Gaall g Mad) adadhh 5 3

molall dds
FACULTY OF SCIENCES

People’s Democratic Republic of Algeria

Ministry of Higher Education and Scientific Research
Université BenYoucef BenKhedda Algerl

Département : de Mathématiques

Domaine : Mathématiques et Informatique
Filiére : Mathématiques

Spécialité : Analyse Mathématiques et applications, Masterl

Cours, TD : Distributions Theory
Proposé par
Yassine BENIA
Année universitaire: 2023/2024.




CONTENTS

[Avant-propos|

Introductionl

[1 Test Functions and Convergence in D({})|

(1.2 Recalls on Lebesgue Spaces LP|. . . . . ... ... ... ... .....

(1.3 Space of Test Functions| . . . .. ... ... ... ... ... ...
[1.3.1 Convergence in D(Q)| . . . . . .. ... ... ...

(1.3.2  Regularizationl. . . . . . ... ... ... ... L.

(1.4 Exercises on Chapter 1} . . . . . . .. ... ... ... ... ......

(1.5 Correction of the kxercises in Chapter 1| . . . . . . . ... ... ...

2.4 Exercises Chapter 2[. . . . . . . . . . . ... oL

[2.5 Correction of the kxercises in Chapter 2{ . . . . . .. ... ... ...

15
16
17
24
27



CONTENTS

CONTENTS

[3 Sequences and Series of Distributions|

[3.4  Exercises on Chapter 3| . . . . . . ... ... ...

[3.5 Correction of the Exercises in Chapter 3|

[4  Operations on Distributions|

[4.2  Operations on Distributions . . . . .. ... ...

[4.3  Distributions with Compact Support| . . . . . . .

4.4 Exercises on Chapter 4 . . . . . . ... ... ...

[4.5 Correction of the kxercises in Chapter 4

[Bibliographie|




AVANT-PROPOS

This handout is a detailed course covering the official program of the Distributions
Theory, primarily intended for students in the first year of the Master’s program in
Mathematical Analysis and Applications within the framework of the L.M.D. sys-
tem. However, it may also be beneficial for students in the first year of the Master’s
programs in Partial Differential Equations, Stochastic Modeling and Forecasting in
Operations Research, and Dynamic Systems and Geometry.

The recommended prerequisite knowledge includes: measure and integration the-
ory, the concept of derivative in the classical sense, Taylor’s formulas, sequences and

series of functions.



INTRODUCTION

The main goal of this course is to introduce the student to the theory of distributions.
At the end of each Chapter, you will find a selection of typical exercises with

detailed solutions, written progressively and in detail to help the student become

familiar with new concepts and ensure the proper assimilation of key points.

The function spaces, which are almost essential ingredients for presenting the
theory of distributions, are introduced in the first Chapter.

In Chapter two, we introduce the concept of distributions. We define the deriva-
tive of a distribution and demonstrate that any distribution can be differentiated an
arbitrary number of times. We provide several examples of distributions and their
derivatives, both on the real line and in higher dimensions.

In Chapter three, we introduce sequences and series of distributions. The concept
of convergence in these spaces and other properties are also presented.

In Chapter 4, we delve into operations on distributions. Several operations de-
fined for functions can be extended in the same way to distributions. We also define
the concept of multiplying a distribution by a C'* function, which is a crucial ingre-
dient when considering differential equations with variable coefficients. The notion

of the support of a distribution is also presented.



CHAPTER 1

TEST FUNCTIONS AND
CONVERGENCE IN D($?)

1.1 Introduction

In this chapter, we briefly review Lebesgue spaces and their properties. We introduce
the spaces of test functions, smoothing sequences, exhaustive sequences, and the

partition of unity theorem, which will be useful in the sequel.

Chapter Objectives

e Recall some functional spaces and preliminary results
e Understand the various properties of test functions

e Know how to study convergence in the space of test functions



Chapitre 1

Notation
Let us establish some notations that we will use throughout this course.

— Let o = (x1,--+ ,zy) a point from RY and ||z|| its Euclidean norm.
— We denote multi-indice the element o = (ay, - -+ ,ay) € NV,

— |a| = a; + -+ + ay is called the length «.

— We set 2% = z{* - - 2{V for all @ = (ay,- -+ ,ay) € NV,

— For all multi-indices o and (3, then

aﬁﬁ@aigﬁi, VZE{L,N}

— Let al = a;!---ay! for a = (ag, -+ ,ay) € NV
o!
@ty = O = Y e iys vy e RY
B<a 5<a6!(0‘ - B)'

— Let f: RY — R be a function, for all o« € N¥

olalf

axlal .. 81’NO¢N ’

Df=0%f =05 - 00 f =

— Leibniz’s formula:

D*(f-g) =) CID*PfD%.

B<a

7 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

1.2 Recalls on Lebesgue Spaces L’

Let Q2 be an open set in RY.
1.1 Definition ]

\
LY(Q) is the space of measurable functions f : Q — R such that
/|f(x)|d:v < 0.
Q
1.1 Theorem (Tonelli’s Theorem) N

Let € be an open set in RY, and let f : (z,y) € Q@ x Q — F(z,y) be a

measurable function. We assume that:

1) [|f(z,y)]dy < oo almost everywhere in €.
Q/

2) [ ([1@ldy) do <.

Then, f € L (Q x ).

Proof. See [12]. O

1.2 Theorem (Fubini’s Theorem)
Let € be an open set of RN and let f : (z,y) € Q x Q +— F(z,y) be a

measurable function. If f € L'(Q x Q'), then

1) [|f(z,y)|dy < oo almost everywhere in €,
Q/

2) [ (15 lay) do <,

and

3) [|f(z,y)]dz < co almost everywhere in €V,
Q

0 [ (f150lac) dy <o

Ql

8 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

Moreover, we have

/(}mmww do= [ [Urwwlae ) @ @
o\ 8

Q

Proof. See [12]. O

Remark 1.1. In the particular case where f is positive as soon as one of the integrals
in (1.1) is finite, then f € LY (Qx Q). If f has any sign (and f is not in L*(Q2xY)),
the integrals in (1.1]) can be finite without being equal.

Example 1.1.

1 1

% —qy? 7
/ /x2—i—y2dy do an / /x2+y dy =—7
0

0 0

1.2 Definition (Lebesgue space LP)

\
1) Let 1 < p < oo, LP(R) is the space of measurable functions f :  — R

such that/|fx Pdx < 0o

2) L*>*(Q) is the space of measurable functions f :  — R essentially
bounded,i.e., exists a constant C' > 0 such that |f(z)| < C, almost

everywhere x € ().

1.3 Theorem ]
Let 1 < p < oo, LP(Q2) is a Banach space with respect to the norm

“Nmmle/ﬁ@wﬂx L 1<p<oo
Q

where

| fllzeo() = supess|f| = inf {C' > 0;|f(x)| < C a.ex € Q}.

9 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

Proof. See for example [2], 3, [5]. ]

1.4 Theorem (Holder’s inequality) }

Let p and q two conjugate exponents such that 1 < p,q < oo. If f € LP(Q)
and g € L1(Q), Then fg € L'(Q)) and we have

1fgllzr@) < [fllzr@llgllze@)-

In the particular case where p = q = 2, we obtain Cauchy-Schwarz in-
equality
19l < I f 2@ llglirz )

Proof. See [3, 5] O

The Dominated Convergence Theorem states that

[ Jim go= [ 5

when (f,),cy 1S @ sequence that is simply convergent of integrable functions domi-

nated by a positively integrable function g in the following sense
|ful < g, VneN,

The fact that it is sufficient to have a simple convergence of the sequence (f,,), -y to

neN
f represents significant progress compared to statements encountered in the context
of the Riemann integral. In general, the Dominated Convergence Theorem is of

great practical utility.

1.5 Theorem (Dominated Convergence)

Let (fu)nen a sequence of L*(§2), such that

1) (fn)nen converges almost everywhere in ) to f.

2) There exists a function g from L'(Q) such that |f.(x)| < g(x) almost

everywhere in ) for all n € N.

10 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

Then (fn)nen converges to f in L'(2), i.e

i [15.@lde = [17@)]ds
Q Q

Proof. See [12]. O

Example 1.2.

Let’s determine the limit as n tends to infinity of the sequence (uy),, defined by

For alln > 1, we have

Let’s set
\"
YR A0 = xouml®) (1)
then for all fized t € R, (fn)nen tends to the function f defined by

—t2

€ X[0,+OO[(t)7

Furthermore, for alln > 1 andt € R

s0,
1fu®)] < e VEeR VR > 1.

2

The function e™" 1is independent of n and integrable on R. We can apply the Dom-

inated Convergence Theorem to (fy),, to obtain

+oo
lim un:/ lim f,(t)dt = /e—f"’ at = V7.
n—00 n—00 2
R 0

11 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

1.6 Theorem (Dominated Convergence in LP(€2))

Let 1 < p < 400 and (f)nen a sequence of LP(§2). Assume that
i) fn — f almost everywhere in ().

it) There exists a function g € LP(S2) such that for alln, || f,||zr) < g almost

everywhere in ).

Then f, — [ in LP(Q), i.e || fn — f|lzr@) — 0 when n — 4-o00.

Exercise 1.1.
1) Prove Theorem[1.4 using the sequence of functions h, = |f, — f|P.

2) By considering the sequence of functions (fn)nen defined on R by

Show that the Dominated Convergence Theorem is not true in L™®(R).

1.3 Definition (Support of a Function)

Let ¢ a real function defined on an open set  C RY. The support of ¢ is

the set denoted by supp(y) and is defined as

supp(p) = {z € Q : p(z) # 0}

The support of ¢ is then the smallest closed set in RY outside of which the

function ¢ is zero.

Example 1.3.
1. Let’s consider the indicator function on the interval [0, 1], denoted as

1 f0<z<1
Fa) = if 0 <x <

0, otherwise.

12 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

The support of this function is the closed interval [0,1], as it is nonzero only

within this interval.

2. The Gaussian function f defined by
f(z)=e™,

has its support as the entire real number line —oo < x < 400 as it’s nonzero

everywhere.
3. Consider the function f defined as follows

Fo) = sin(z) if0 <z <,

0 otherwise.
The support of f(x) is [0, 7.

Example 1.4.
The support of a function is a fundamental concept, especially in analysis and inte-
gration theory, as it helps determine where a function has significant contributions

or where it 1s essential for integration and other operations.

1.7 Theorem (Dual of LP(2))
Let p € [1,00[ and q are Hélder conjugates. Let T defined as follows

T: IP(Q) —R
fo—T).

be a linear continuous form. Then there exists a unique function g € L7(S)

such that
T(f):/gfdx, VfeLP(Q).

Q
Furthermore, we have

T(f)]
||9||LQ(Q) = HT(f>H(LP(Q))’ = Sup T -
rere@) |1 fll ()

f#0

13 y.benia@univ-alger.dz



1.2 Recalls on Lebesgue spaces L? Chapter 1

We will now recall a density result for the LP spaces. Let C.(£2) be the set of
functions ¢ : 2 — R that are continuous with compact support, which means there
exists a compact set K C € such that ¢ =0 on Q\K.

1.8 Theorem (of density)
C.(Q) is dense in LP(Q) for p € [1, 0], i.e., for all f € LP(2) and every € > 0,

there exists ¢ € C.(Q2) such that || f —¢|| < €, or in other words, there exists a

sequence (p,)n € N in C.(Q) such that || f — ¢, | r) tends to 0 as n — +o0.

Proof. See [2, 3, [5]. O

Remark 1.2.
C.(2) is not dense in L>(Q). In fact, let f(x) =1 on Q. Then for any function
p € C.(Q), by setting K = supp ¢, we have

p |f(z) = @(x)] = sup [f(z)] =1

If = @llzei@ = su
TEQ\K c€O\K

1.4 Definition ]
Let 1 < p < oo. L} () It is the set of measurable functions f such that

for all compact sets K C Q, fxx € LP(Q2). The function xx is the indicator
function of K defined by

1 if zeK,
0 if z¢K.

Xk (r) =

Remark 1.3.
LP

loc

() C L (), pour 1 < p < g < o0.

loc

1.5 Definition (Convolution Product)

1 1
Let f € LP(RY) and g € LY(RY) where 1 < p,q< oo and —+ ——1> 0.
p q

14 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

The convolution product of f and g is the function defined on RY by

frg(z) = /f(y)g(x —y)dy = /f(rr —y)g(y) dy.

1.9 Theorem (Young’s Inequality)

\
Let f € LP(RY) and g € L4(RY) where 1 < p,q < oo Then f xg € L"(RY)

1 1
where — = — + — — 1 and

r p

I1f > gllr@yy < N fllze@my gl Loy

1.3 Space of Test Functions

1.6 Definition (Space of Test Functions)

A function ¢ : Q) — C is a test function if it satisfies the following properties:
1) The support of ¢, denoted as supp ¢, is compact.
2) o is of class C'*™° on ().

The space of test functions in ) is denoted as D(f2).

Let K be a compact subset of 2. We denote Dk (£2) as the space defined by:
Dk(€) = {p € D(Q) | supp ¢ C K}.

Remark 1.4. The space D(Q) is not limited to the zero function; otherwise, there

would be no purpose in constructing an empty space.

Example 1.5. Let ) : R — R be the function defined as follows:

1

e 12 ifze(—1,1),

0 ifr ¢ (—1,1).

P(r) =

15 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

The function ¢ belongs to D(R) (See exercise 1). If we replace x on the right-hand

side with ||z|| = /2% + - -+ + 2%, we obtain the function:

1

e = gf lal < 1,
p(r) =

0 if ||z]| > 1.

@ is defined on RN and belongs to D(RY).

1.1 Property ]

1— Functions in D and their derivatives are bounded and integrable on ().
2— Equipped with the usual operations, D forms a vector space over §).

3— The product of a C* class function by a function from D is a function

in D.
4— The derivatives of a function from D are also functions in D.

5— When Q = R", for a and X in R, we define the translation 7, and the

dilation myy of the function ¢ as follows:
Tagp(x> = (p(x - CL), S RNa

and
me(x) = ¢ (;) , x€RY

If ¢ is a function from D, then T, and myp are also in D.

1.3.1 Convergence in D({2)

D(Q) is not a Banach space; it is a Fréchet space (locally convex, metrizable, and
complete). In the context of this course, we only need to consider the concept of

convergence in this space.

16 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

1.7 Definition (Convergence in D(f2))

\
A sequence of functions (¢, )neny converges to ¢ in D(Q) if there exists a
compact set K C €) such that

1) ¢, € Dg(Q) for alln € N and ¢ € Dg(Q).

2) D%p, converges uniformly to D%p on K for all « € NV i.e.,

Va € NV lim sup |D%p,(x) — D*p(z)| = 0. (1.2)

Nn—+00,c |

Remark 1.5. In the case N =1, Q C R, (1.2) becomes

Vk e N, lim sup |<,0£Zk) (x) — gp(k) (x)‘ =0.

n%+oox€K

Example 1.6. Let f € D(R), and for n € N*, the sequence (@), is defined by

Ve eR, gn(z) = f (x + %) — f(2).

To study the convergence of p,, in D(R), let’s first examine pointwise convergence

on R. Consider a fized v € R:

lim ¢,(z) = lim f (x+ %) — f(z) =0.

n—-+oo n—-+oo
Then, (pn)n converges pointwise to 0 on R. As f € D(R), there exist a and
b € R such that supp f C [a,b], so supp ¢, C [a —1,b].
By the Mean Value Theorem, for any k € N and x € R, we get

1 1
e00) = 0] = |1 (24 1) = 90| < oup |40
n N zeR
So,
lim }cpg“)(x) — go(k)(x)| =0.
n—-+o00
(@“)n converges uniformly to ) on R for all k € N. Then, (p,)n converges

simply to ¢ in D(R).

1.3.2 Regularization

17 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

1.8 Definition (Regularizing Sequence)

(pn)nen from RY is a regularizing sequence if, for all n € N:

) [ ol do =1,

RN

3) supp p, C B(0,e,) with lim &, = 0.

n——+o0o

Remark 1.6. Using the function ¢ from example[I.5, we can construct an infinity
of test functions. For a sequence &, that is strictly positive and tends to 0 (for

1
example, €, = ?), we define
n

n(T) = :
' /g& <§) da

RN

One can easily verify that p, satisfies the conditions of Definition[1.3.3,
Exercise 1.2.
1— Verify that (pp)nen converges almost everywhere to 0.

2— Is the sequence (pp)nen convergent in L*(RYN)?

1.9 Definition (Locally Integrable Function) ]

A function f defined on ) is called a locally integrable function on € if f
is integrable on each compact subset K C (2.

The set of locally integrable functions on € is denoted by L}, ().

loc

So, f is locally integrable on 2 if, for all compact subsets K C €2, the product
fxK is integrable on €2, where y g is the characteristic function of K, which is equal

to 1 on K and 0 outside of K.

18 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

1.10 Definition (Convolution)
et f € L}, (RY). The function

ful) = / £ — y)puly) dy = / F(@)pulz — ) dy,

It is called the convolution of f by p,, denoted by f * p, or p, * f.

1.10 Theorem (Approximation by Regularization)

Let (pn)nen be a given regularizing sequence, and let f be a locally inte-
grable function on ). Then the sequence f, = p, * [ satisfies the following

statements:

1) f. € D(Q).

D(Q)

2) If f € D(), then f, — f.

3) If f € D, then f, —> f.

)f-

(RN
4) If f € LP(RY) and 1 < p < +00, then f, R,

The following lemma shows that the open set {2 can be expressed as a countable

increasing union of compacts.

1.1 Lemma (Exhaustive Sequence)

There exists a family (K;);en of compacts in ) such that:

1) Foralli > 1, K; C [O(Z-H.

2) 0= Tj K.

3) For all compact K in ), there exists iy > 1 such that K C K.

(K;)ien Is called an exhaustive sequence.

Proof.

1) x If Q = RV it is enough to take K; = B(0,1).

19 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

x If Q # RV, let’s define for j € N*,
1
A = {x € Q,d(x,CrnQ) > ;} , and ; = B(0,7) N A;.

It is noticed that

a) A; is an open set.

b) A; C Ay and B(0,4) C B(0,i + 1), therefore Q; C Q1.

c) Q= B(0,i)NA; € B(0,i)NA; € B(0,i+1)N Ay = Qiy1. Thus
O C Qip1 = Qi

d) Q; C B(0,4) Then €, is compact.

It is enough to take K; = Q;, thus K; C K 1.

2) It is clear that +L_ijZ C Q. Let x € , then there exist i1,75 € N such that
- 1
z € B(0,41) and d(z,CrnQ) > —, so x € A;,. Putting iy = max{iy, iz}, we
12
deduce that

T € B(O,Zo) OAZ-O C B(O,ZU) N Aio = Kio'

3) Let K be a compact subset of 2. Then K C 'UNKi C .UNKZ-H, consequently, one
1€ 1€

can extract a finite covering such that

N !
K C UK] =K.

1.2 Lemma (Urysohn’s Lemma) ‘

If F is a closed set in RY and K is a compact subset of R such that KNF = (),

then there exists ¢ € D(RY) such that:
1) 0<p <.
2) ¢ =1 in the neighborhood of K (on V(K)).

3) ¢ = 0 in the neighborhood of F' (on V(F)).

20 y.benia@univ-alger.dz



1.3 Space of test functions

Chapter 1

Proof.
Let b > a > 0, consider the function f defined on R by

1 1

e=—b =-a if g <x <Db,
f(z) =
0 if not.

f is of class C"*°, and the same goes for the function

f(t)dt
F(z) =%
f(t)dt
Let’s observe that
1 if z<a,
F(z) =
0 if z=>=0b.

The function ¢ given by

go(xl,...,asN):F(:p%+...+$?\7)’

is of class C* on R" and equal to 1 for ||z||* < a and 0 if ||x||* > b.

Let B C B be two distinct balls in RY. By performing a linear transformation

in RY, we can construct a function ¢ in D that is equal to 1 on B and zero outside

of B.

Let K be a compact set. There exists a finite number of balls By, ..

., By, to cover

m —
K, and we can arrange them in such a way that ,Ule‘ C K. We can even arrange
1=

it in such a way that the balls E . ,I/S’Tn, which respectively contain By, ..., B,,,

also cover K.

Let 1; € D(RY) such that
1 if z€B,
Y = —

and

pla) =1=) (1 —1i(x)).

i=1

21 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

Then ¢ € D(RY),0 < ¢ < 1, and ¢ equals 1 in the neighborhood of K and
Suppy C K. O

1.1 Corollary (Truncation Function)

Let K be a compact subset of ). Then there exists ¢ € D(S)) such that:

Remark 1.7.

@ 1s called a truncation function or a truncation function subordinate to the compact
set K, and for any function f defined on §2, the function fo has compact support
in 2, and of = f in the neighborhood of K.

Proof. We choose F' = Crn (2, which is closed, and we apply Urysohn’s lemma.
There exists ¢ € D(RY) such that 0 < ¢ < 1 and ¢ = 1 on V(K) and ¢ = 0
on V(F'). We can take an open set. We still need to show that ¢ € D(Q2). Since

Crr (supp ¢) is the largest open set where ¢ = 0, then
CrnQ=F C V(F) C Cgnsupp o,

thus

supp ¢ C €.

1.1 Proposition (Exhaustive Sequence with Truncation Functions)

There exists an exhaustive sequence (K;);en that covers Q) and functions ¢; €

D(Q) such that:

22 y.benia@univ-alger.dz



1.3 Space of test functions Chapter 1

Proof.
We apply Urysohn’s Lemma. There exists ¢; € D(2) such that 0 < ¢; < 1 and

1.11 Theorem ]

N
Let K be a compact set such that K C .UIsz where (2; are open sets. Then
1=

N
there exist compact sets K; C §); fori =1,--- | N such that K C Ule'-
1=
Proof.
For each i € {1,---, N}, there exists an exhaustive sequence (M;;);en such that

ch UMZ,] for izl,"',N,
JEN

then
N
K C lei c U M,

{2 jEN
i=1,- N

Since K is compact and M; ; are open sets, there exist a finite number of M; ; that

cover K, denoted as M| with [ =1,--- ,m, such that K C glMl/' O

The following theorem allows us to decompose a function into a sum of functions
with small supports. This process reduces the global study of a function to its local

study.
1.12 Theorem (Partition of Unity)

)
N
Let K be a compact subset of ), where K C .EJIQZ» with (£2;)1<i<y being a

finite family of open sets included in §). Then there exist functions (;)1<i<n

such that:

1) ¢ € D(Q).

23 y.benia@univ-alger.dz



1.4 Exercises on Chapter 1 Chapter 1

The proof is based on the previous lemma and Urysohn’s lemma.

Proof.

According to the previous lemma, there exist compacts (K;)i<;<y such that
N
K, cQ;, i=1,--- N, and KC!IKZ

Using Urysohn’s lemma applied to K; C €2;, there exist functions (¢;)1<i<ny such
that ¥; € D(;), 0< ¢, < l,and ¢, =1 on V(K;) =Q, C Q; foralli=1,--- | N.
Let V = iglsz;. For all z € V/, ﬁjlwi(x) > 0.
On the other hand, there exists # € D(V') such that § =1 on V(K) and 0 < 0 <

Now, let’s define

Po(z) =1—0(x) = ! ?f v € CoV(K),
0 if zeV(K).

For alli =1,--- ) N, the function

@i(x):ﬁ&, i=1..- N
;Owj@:)

belongs to D(2) and for all x € V(K), we have

1.4 Exercises on Chapter 1

Exercice 1.
1) Show that the function ¢ : R — R defined by

e~ if t>0,
Y(t) =
0 if t<0,

is of class C*° on R.

24 y.benia@univ-alger.dz



1.4 Exercises on Chapter 1 Chapter 1

2) Let the function ¢ : RN — R defined by

S
e =l=I* if |z]] < 1,

0 it o] > 1.

p(z) =

for n € N*, we define the sequence (¢, )nen as follows

_p(nx)
on(x) = nm, n e N.

Deduce that ¢ and ¢, belong to D(RY), where || - || denotes the Euclidean

norm

Exercice 2.

Are there test functions ¢; and ¢ satisfying 1) and 2)7 Justify.
1) 1 € D(R) positive and equal to o € R in the neighborhood of 0.
2) @9 € D(] — 1,1]) where ¢}, is positive on | — 1,1].

Exercice 3.

Let (f)nen and (gn)nen two sequences defined by

ey =2 and g = Lo (2).

n

where ¢ is a test function.

Study the convergence of the sequences (f,)nen and (g,)n € N in D(R).
Exercice 4.

1. Let the sequence (p,)nen be defined by

—n

pn(x) = e "p(nx),

where ¢ € D(R). Show the convergence in D(R).

2. Study the convergence in D(R) of the sequence (¢,) defined by

neN*

Un(z) = (n+ k) Fo(nz), keN.
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Exercice 5.
Let K a compact subset of RY and ¢ > 0. Show that there exists a function

¢. € D(RY) such that

b) pe(x)=1forall z € K,
¢) supp ¢. C U B(z,¢).
TeK
Exercice 6.
Let (K,)1<p<n disjoint compacts in RY, and (f,)1<p<n are functions of class C*°(RY).

Show that there exists f € D(R"Y) such that f(z) = f,(z) on K.
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1.5 Correction of the Exercises in Chapter 1

Correction of Ezxercise 1

1) The function ¥ is of class C* on | — oo, 0] because it is zero on | — 0o, 0[, and it
is of class C'™ on ]0, +oo[ as the composition of two C*° functions on |0, +oo|

(the exponential function and the inverse function)

We can easily show by induction that there exist constants (C;)1<;<, such that

() = ( G + Ca + %) e~ ¢ and ¢ (0) = 0.

tn+1 tn+2 t2n
Let
1 Cy Y Cy
P(;) =t e T T e
thus

1\ i
limy) ™ (¢) = limP <¥> et =0.

t30 t30

On the other hand

limy) ™ (t) = 0.
t50
Derivatives of all orders exist, and they are continuous at 0, which implies that

e C(R).

2) Let g : RY — R be the function defined by g(z) = 1 — ||z||?, the function
@ = 1) o g is of class C® on RY As the composition of two functions of class

C> on R, furthermore

supp ¢ = {7 € Q, p(z) # 0}
={z e, |z| <1}

={r e |zl <1}

¢ € D(RY).
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1.5 Correction of the exercises in Chapter 1 Chapter 1

@y, is the composition of two functions of class C* on RY, so it is of class C*°

on RV,

supp ¢n = {z € Q, ¢n(x) # 0}

— e el <13

1
_ 0 <=
fre® bl <)

(o)

Correction of Fxercise 2

1) There exists a test function ¢ € D(R) equal to 1 in the neighborhood of 0. It is

enough to take ¢ = at) where o € RT.

2) There exists no function ¢ € D(R) where v is positive on | — 1, 1], except the

zero function, because 1 is increasing and ¥ (—1) = 1(1) = 0.

Correction of Fxercise 3

Let’s study the convergence of the sequences (f,)neny and (gn)nen in D(R).

1) We have supp f, =supp ¢ =[-1,1] = K.

The sequence (f,)n € N converges pointwise to 0 on R. Let k € N

lim sup [f{7(z) — fP(2)] = lim sup |f¥(2)

n—}-‘-OOa:e[_Ll] TZ—)+OO$E[_1’1]
1
= lim = sup |o®¥(z
n%Jroonze[il’l]' ( )|
= 0.
(fn)nen converges to 0 in D(R).

2) g, is of class C* on R (composition of functions of class C*° on R).
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On the other hand

supp g, = {7 € R, gn(x) # 0}

1 =z

= {(reR, —o(5) £0)

—{reQ, |5 <1
freq -] <1}
—{ze® lul <n)

= [_na n]a

We cannot find a fixed compact set K such that supp ¢, C K for all n € N
because for sufficiently large n, supp ¢, will not be included in K. (g,)nen

does not converge in D(R).

Correction of Fxercise J

1. Let ¢ € D(R), Then there exists a > 0 such that supp ¢ C [—a,al, so, ¢ is of
class C*° on R. We have

supp ¢, C [—g,q C[~a,a] = K.
n n

Let’s study the pointwise convergence of the sequence (¢, )nen-
For z =0, ¢,(0) = e "¢(0) then lim ¢,(0) = 0.
n—+oo
Let x € R* be fixed, and ¢ has compact support. Then, for sufficiently large

n, o is zero. Then

lim ¢,(x) = lim e "p(nz) = 0.

n—-+00 n—-+0o
(pn)nen converges pointwise to the zero function on K.

For all £k in N

lim  sup |p®(z) — ¥ (z)] = lim sup | (2)]

n—+%0zc[—a,a] n=+00c[—a,q]

= lim n*e™ sup |o® (nz)|
n—r+00 z€[—a,a]

= 0.

(©n)nen converges in D(R).
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2. Let ¢ € D(R), then there exists a > 0 such that supp ¢ C [—a,a], thus 1), is

of class C*° on R

a a

supp ¢, C [_ﬁ’ ﬁ] C [~a,a] = K.

(1n)n € N converges pointwise to the zero function on K. Furthermore

J
i D ()b ()] = lim — ) 0 S g
nffoox:[lf,a}w” (@) =y (2)] AR +1)'f§3}3'¢ (nx)| #0, pour j=>

(¥ )nen does not converge in D(R).
Correction of Exercise 5

Let Q = UKB(w,e), then K C UKB(x,s) = , by Urysohn’s Lemma there exists
xe xre
. € D(22) such that 0 < . <1 and ¢ =1 on V(K).

Correction of Exercise 6

The compacts (K,)1 < p < n are disjoint. Then there exists a family of open sets
(Up)1<p<n, such that K, C U, for p = 1,--- ,n, According to Urysohn’s Lemma,
there exist ¢, € D(U,) such that 0 < ¢, < 1 and ¢, = 1 on V(K,,). Taking

f(z) = Z%‘(x)fj(x),

we deduce that f € D(RY), and f(x) = f,(x) on K,.
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CHAPTER 2

DISTRIBUTIONS

2.1 Introduction

The theory of distributions was introduced around 1945 by L. Schwartz to address
certain limitations of functions. Distributions have very useful properties for study-
ing certain Sobolev spaces and partial differential equations. It will be seen that a
distribution is infinitely differentiable, and this theory has allowed for a clear and
rigorous synthesis of certain methods practiced by physicists. For example, physi-
cists use the Dirac delta function, denoted as d(z), which is zero for x # 0 and

satisfies f_Jr;o d(x),dr = 1. From there, one can write, for any function ¢

/ p(x)d(r) dr = / (o(z) = ¢(0)) 0(x) dz + ¢(0) / 0(x) dz = ¢(0).

Certainly, such a function does not exist, but we can define the mapping ¢ : ¢
©(0), where ¢ operates, for example, on the set of continuous functions. This forms
the basis of the theory of distributions: certain formulas used in physics are justified
within this framework.

In the sequel, ) denotes a non-empty open set in RN, N > 1.

Chapter Objectives

e Understanding the concept of distribution.

31



2.2 Examples and definitions Chapter 2

e Understanding that any distribution can be differentiated an arbitrary number of

times.

2.2 Examples and definitions

2.1 Definition (distributions)
We call a distribution on ) any linear and continuous form T : D(2) — C. w

Notation 2.1. We denote by D'(Q2) the set of distributions on 2, in the topological
dual space of the space D(Y), and we write T € D'(2).

Remark 2.1.

1— It is often denoted that the value of T at ¢ from D(Q) by (T, p)pp ({-,-) is
called the duality bracket), and we say that the distribution T is applied to .

2— D'(Q) is equipped with a structure of a topological vector space. Thus, if T and

S are two distributions, the sum T + S is defined as follows
(T'+5,¢) = (T, 0) +{S,9), Vo D),
and for A € K, we define \T' as
(AT, o) = XT,¢), Ve e D).

It can be verified that T+ S and \S defined in this way are indeed distributions
on , and that D'(Q) equipped with these two operations forms a K-vector

space.

2.1 Theorem (Continuity criterion)

Let T : D(Q2) «— C be a linear form. T is continuous if and only if for all

compact K of €1, there exist m € N and C' > 0 such that

(T,p)| <C sup  [D%(z)], Ve € Dk(Q). (2.1)

la|<m,zeK
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2.2 Examples and definitions Chapter 2

Notation 2.2. We denote

Pgm(p) = sup  |D%(x)].

|a|<m,zeK
Remark 2.2.

Observe that (PK,m(p)),,cy 15 increasing.
Remark 2.3.

1. The continuity of the distribution T can be demonstrated using sequences. If

©n — @ 1 D(Q), then (T, ,) — (T, p) in C.

2. Since T is linear, if we can show that @, — 0 in D(Q), then (T, p,) — 0

in C, and thus, T is continuous.

Proof.

The upper bound indeed expresses the continuity of T for a sequence (¢, )nen
from D(Q)) with their support in the same compact set K. If D%p, converges to
D%y uniformly for all o € NV, it readily follows from the upper bound that
(T, pn) converges to (T, p).

The converse is also true and can be proven as an exercise. O

2.2 Definition (Order of a Distribution) ~
When the integer m € N in relation (2.1) can be chosen independently of

K, we say that the distribution T is of finite order, and the smallest possible

value of m is called the order of the distribution T'.

All distributions of order O are called Radon measures on ).

(‘ 2.3 Definition (Radon Measure)

Example 2.1.
Let f € L},.(Q), we define Ty by

Ty DQ) — R
o s (Tp ) = / f(2)p() dz.

Q
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2.2 Examples and definitions Chapter 2

Ty is the distribution associated with the function f.
* The equality holds because we integrate over supp .
* Ty is linear in D(2).

*x Let K be a compact subset of Q2 and ¢ € Dk (), thus

(T, 0)] = / f(@)o(x) de

< / F(@)e()] dz

suplo(z)] [ | f(z)] dz

rzeK K
Cr Pk o(¥),

N

N

where C :/]f(x)]dx.

K

This proves that Ty defines a distribution of order 0.

2.2 Theorem J

Ty =0<= f(z)=0 aein Q.

Remark 2.4.

Given two locally integrable functions f and g that are equal almost everywhere, i.e.,
flz)=g(x) a.ein Q,
the associated distributions are equal,
Ty =T,

The converse is also true (see fo example [7]). So, we have the following theorem.
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2.2 Examples and definitions Chapter 2

2.1 Proposition (injection of LL . into D)

The application = h
Lio(©2) — D'(Q)
f = Ty,
is injective.

Remark 2.5. Oftentimes, we identify a distribution in the form of Ty with the
corresponding function f. Moreover, one could say that a distribution T € D'(2) is

in L, () if there exists f € L, () such that T = Ty.

loc loc

2.4 Definition (Regular Distribution)

A distribution T is called regular if it is associated with a locally integrable

function f, i.e., if there exists f € L} () such that

loc

(T, ) = / f@)p(a)dz = (T}, p), Yy € D),

Remark 2.6. When the context does not lead to any confusion, it is often much

simpler to simply write Ty as f.

Example 2.2.
The constant regular distribution C is defined by
o) =C [o@)ds, Ve D).

Q

In particular, C' = 0 defines the zero reqular distribution

2.5 Definition (Non-Regular Distribution)
Any distribution that is not regular is called non-regular. w

Example 2.3. (Dirac distribution)
Let a € ), We call the Dirac mass at a, denoted by 0, the distribution defined by

do: D) —C

o > (04, 0) = ¢(a).
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2.2 Examples and definitions Chapter 2

* 0, 18 linear.

*x Let K a compact subset of Q0 and ¢ € Dk (), we have

(00, )| = l¢p(a)| < suplp(2)] = Pro(p),

rzeK

So, 0, is a Radon measure on §2.

The Dirac distribution o, is not reqular. Suppose the contrary, namely, there

1
loc

applied to 0 C B(0,1), there exists ¢» € D (B(0,1)) with supp(v)) € B(0,1), 0 <
¥ <1, and ¥(0) = 1. Let the function ¢ defined by

exists a function f € Ly (Q) where da = Ty. According to the Urysohn’s Lemma,

thus

we deduce that

1= (G0, 0) = / (@)1} do < suplo(a) / (@) dz —> 0,
)

B(a,d) Bla,

=

when | — oo, which is absurd.
Remark 2.7. If a = 0, we write § instead of &y, therefore (5, p) = ¢(0).

Example 2.4. (Dipole Distribution)
Let « € NV and a € RN, we call the distribution dipole, the distribution defined by

(T, ) = D*¢(a), Yy € DRY).
x T is linear.

*x Let K be a compact subset of Q and ¢ € DK (), we have

| D%¢(a)

sup |D%p(a)|
rzeK

CPK,m(@)?

(T, @)l

N

N
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where C' =1 and m = |a|. T is a distribution of order less than or equal to

la|. It can be shown that the order is equal to |c|.

In the case of n =1, a =1, and a =0,

(T, ) = ¢(0).

We know that the order is less than or equal to 1. Let ¢ € D(R) such that
©'(0) = 1 and suppy C [—a,a] where a > 0. Let the sequence (vn)nen be
defined by

on(x) = p(nx), VYneN.

Thus, supp ¢, C [—a,a] for all n € N.

Suppose, for the sake of contradiction, that the order is equal to 0. Then, for
all compact K in (), there exists C' > 0 such that

Vo € Dk (), T, 9)| < CPgo(p).
By choosing K = [—a, al], we find that
v@n € DK(Q)7 |<T> Spn>| < CPKO(SOn)?

SO

In¢'(0)] < Csuplep(nz)| < Csuple(y)|, Vn €N,
zeK yeK

which implies that n < C" for all n € N, which is absurd. Therefore, T is a

distribution of order 1.

Example 2.5. (Cauchy Principal Value)
We call the Cauchy principal value vp %, the application defined by

(Vpé,@:lim/%@dx, Vo € D(R).

e—0
|z|>e

* Since @ is in D(R), then there exists a > 0 such that supp ¢ C [—a,al, then

—& a

(vp%,gp)zlim /@dm%—/@dx . (2.2)
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To calculate (2.2)), consider the function v defined as follows

1
P(z) = /(p’(ta:) dt, forz # 0 where ¥(0) = ¢'(0),
0
then

1
9(@) = = [ple)ly = £ - €2
Y 1s continuous on R, (2.2)) becomes

li_r)r(l)/@dx = 21_{1(1) /@dx—l—/a@dx—i-/gdj(x)dx—l—/aw(x)dx :

|x|>e —a

as /@dx + / @ dx = 0, therefore

—a 3

e—0
|z|>e

lim de = /w(x) dz,
x
Vp% 1s well-defined due to the continuity of 1. 1.
* Vp% 18 linear

* Let K a compact subset of R and Let ¢ € Dg(R). There exists a > 0 such that
K C [—a,a],

[(vpl )| = /#}(fﬁ)dfv

< /alzb(w)l dz

a 1
/ /](p’(tx)\ dt | dz
—a 0

1

< suplso’(y)l/ /Ldt dz
yeK

0

N

< 2aPkq(p).

Vp% 15 a distribution of order m < 1.
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Let’s show that Vp% is a distribution of order 1, for this purpose it suffice to
show that the order of Vp% is different to 0.

Assume that the order is equal to 0. Let ¢ € D(R), where ¢ = 1 in the neigh-
borhood of 0, and  is even and positive. In fact, there exists a test function » =1

in the neighborhood of K =0, and 0 < ¢ < 1. Then, we can define ¢ as follows:

o) = LAV

¢ 1s a function in D(R), expressed as the sum of two functions in D(R), and

© = 1 in the neighborhood of K = 0. We define the sequence (o, ())nen= as follows:
on(x) = @(x) arctan(nz), n € N*.

Let K = supp ¢, there exists ¢ = 0 such that

1
Vo € Dx(R), |(vp—, 90>‘ < CPro(v).
For ¢ = ¢, we get
1
Vn € N*, |(vp e on)| < CPxo(pn) =C",
then
t
p o] = tim [ ey tmnn) g,
z e—0 x
|z|>e
+o00 . ( )
= 9lim [ (o) T gy
e—0 x
—&-oo6
_ 5 / () mctan(na) 4
x
0
as ¢ =1 on [—a,al, we deduce that
a +o0o
2/arctan(nx) de < 2 / ()O(@arctan(nx) d,
x x
0 0

furthermore
(0%

2/de<0’, Vn € N*,
xXr

0
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by setting nx =y, we find

an

t
g/wdyw, .

Y
0

then

an

t
lim W/Mdyga, i e N
n—-+oo y

0

SO
—+00

t
P / MY dy < ¢, ¥n e N
Y
0
which contradicts the fact that the left term is infinite. The distribution Vp% s of

order 1.

2.3 Derivatives of Distributions

In this section, we provide a generalization of the concept of derivatives for distri-
butions while retaining the classical notion for typical functions.

Consider a function f that is of class C* on R. Then, both f and f' belong to

1

Le(R) and define distributions on R. Furthermore,

the space L
(o) = / f(@)p() dz = — / f(@)¢ (@) dz = —{f, ), Vi € D(Q).

This last formula retains its meaning when we replace f with a distribution.
2.6 Definition (Partial Derivative of a Distribution)

Let T' belong to D'(£2), the linear form g—; is defined as

oT Op
<a—xi790> = — <T7 8—%> . Yo eD(Q),

This is a distribution called the i-th partial derivative of T

Remark 2.8.

1. It is evident that % 18 a distribution.
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2. If T is a distribution of a given order m, then 66_;:- 1s of order m+ 1. This can

be shown by considering compact sets and derivatives.

Indeed, for all compact sets K in 2 and ¢ € Dk (), we have

(w3
> (an)

< sup [DPy()]
|B|<m+1,2e K

< sup

la|<m,zeK

Remark 2.9.

The fact that differentiation is always possible might raise questions. We know that
there are locally integrable and even continuous functions that are not differentiable.
Howewver, in the case of distributions, the derivatives are themselves distributions
and not functions. This means that the definition of g—; can be iterated as many
times as needed, and we can define, for any multi-index o € NY and ¢ € D(R),
DT

(DT, ) = (~1)°/(T, D°¢), Vi € D(R).

Example 2.6.

Let’s compute the first and second order derivatives of the Heaviside function,
defined as

1 x>0,

0 x<0.

H € L}, .(R) then H € D'(R). For all ¢ € D(R), we have

loc

H(z) =

+o0

Ho) = [ plo)dn

0
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then

oz 0, where ¢ is identified with the Dirac distribution at 0.
For all ¢ € D(R), we have

(H" @) = (=1)*(H, ¢")

= / ¢"(z) dx
0
= [ (@)™
= —¢'(0)
= _<5,7 90>7
so H"Z .
Example 2.7.

1) Let f be differentiable function on R and f' € L},.(R). Then, Ty z (Ty)'. Indeed,
for all ¢ € D(R)

(Ty),9) = —(T5¢)

_ _[f(x)go(:c)]+§+/f/(w)w(w)dm

= <Tf’790>'
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2) Let f € CH(R\ {a}) where a € R. Assume that the left and right limits of f and

f" at a exist, noted respectively

lim f(z) = f(a®), lim f(z) = f(a").

r—a™t T—a~

For all ¢ € D(R), we have

(Ty),0) = Tf ©’)

- / (o)) o~ / e
— @@l / e
~ @@l + / f@)e(e) da

= —(fo)a) + (fo)(a®) + Ty, ¥)
= (f(a") = f(a)){0a: 0) + (Tt ),
then
(T B Ty + (f(a*) = f(a7)) bu,

N
Exercise 2.1. Assume that f € C'(R \ ‘yl{ai}) where N is a positive integer.
Assume that the left and right limits of f and f" at (a;)i=1.. n exist. Show that

Ty) =Ty + Z (f(a) = f(a;)) ba,-

2.1 Lemma ]
Let ¢ € D(I) where I is a subset of R.

1) Two conditions are equivalent:

a) ¢ admits a primitive in D(I).

b) /gp(x) dr =0,

1

2) If the primitive exists, then it is unique.
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Proof.

1) Let’s show that 1) implies 2). Suppose there exists ¢» € D(I) such that ¢/ = ¢.
Then,
/ o) dz = / () dz = [()]; = 0. (2.3)
T I
Now, suppose that [ ¢(x)dz = 0. Let’s set ¢(z) = f (t)dt. ¢ € C* and
W= T “oo

2) Furthermore, ¥ has compact support, from which we conclude the equivalence

of the two conditions.

For uniqueness, suppose there exist 1; and 15 in D(I) such that | = ¢} = ¢, and
let 1p = 1)1 —1by. Then, ¢ = 0, and therefore 1) = ¢, and since ¥ is in D(I), we have
c=0. [

2.8 Theorem ]
Let I be a subset of R.

\

1— Let T € D'(I) such that T" =0, then T = c.

2— For all T € D'(I), there exists S € D'(I) such that ' =T.

Proof.

1— Let § € D(I) such that [6(z)dx = 1. For all ¢ € D(I), we define
T

Then, [p(z)dx = 0. We observe that p belongs to D(I). Thanks to the
T

previous lemma, there exists ¢ € D(I) unique, such that 1" = p. Therefore,

o(z) = ¥/(2) + 8(x) / o(z) da.

1
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Assume that 7' € D'(I) such that 7" = 0, then
(T,p) = (T.¢' +0 [ o(z)dz)
T
= (T,¢)+c[o(x)de
T

= (T",¢) + (e, 9)
= <C790>7

where ¢ = (T,60). Then, T' = c.

2— Let T € D'(I). We are looking for S € D'(I) such that S" = T.

For all ¢ € D(I), we define

<S> 90> = —<T,¢>,

where 1 is the unique function in D(I) defined by the relation

T is linear and continuous. Let K C I be a compact set, and ¢ € Dy ().
Then, there exists m such that (knowing that K’ = K U supp )

(S, @) = KT,
< CPK’,m(w)

< Cmazx | sup|y|, sup |@/)(j)|

zeK'’ zeK'
1<g<m
< C'mazx (suplw], SUP‘90|> ;
reK' zeK'

where C' and C” Are two constants, then there exists C” such that

(S, )| < C" sup [Y)].
reK'
1<gsm

Then, S is continuous; hence, S € D'(1).
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To verify that S’ = T', we consider ¢ € D(I). We notice that the function 1

associated with ¢’ according to the relation is ¢ because

'(z) = () - O(x) / o/ (2), dz.

Since ¢’ = 1)/, it follows that ¢ = 1 (thanks to the uniqueness of 1. Thus,

<S/790> = _<S> 90/> = <T7 90>'

Therefore, 8" =T.

2.4 Exercises Chapter 2

Exercice 7.

Let ¢ € D(R). Show that only applications 3), 4), and 6) determine distributions.

1) (Th, ) = |¢(0)].
2) (Th, @) = / lp(2)] de.

3) (T, @) = / Y () dz, such that j € N is fixed.

—00
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Exercice 8.

For ¢ € D(R), we define

k=1

1— Show that T is a distribution of order less than or equal to 1.

2— Prove that T is not of order 0. For this purpose, we recall that if a < b < ¢ < d
are real numbers, there exists ¢ € D(R) such that 0 < ¢ <1, ¢ =1 on [b, c],

and the support of ¢ is contained in [a, d].

Exercice 9.

Calculate the first distributional derivative of the following functions.

1) f(x) = sgn(z) = & (sign function) for all z € R*.

T

2) g(z) = |z| for all z € R.

Exercice 10.

Let f be the function defined on R by

sin x

flay=q °

0 if xel[f, +ool

if x¢€]—o0,7],

1) Calculate the first and second distributional derivatives of f.

2) Deduce that f is a solution of a differential equation.

Exercice 11.

Calculate the first derivative of f(z) = In|z|, x € R* in the sense of distributions.

Exercice 12.

Let ¢ € D(R). Show that the following linear form is a distribution.

<Fp(%)4p>:1im /Mdm—Q@

0+ z2 €
z|>e

Find a connection between vp (%) and Fp (x—IQ)
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2.5 Correction of the Exercises in Chapter 2

Correction of Exercise 7
1) The applications Ty and Ty do not define distributions because they are not linear.

3) Let j € N be fixed, we have

Ty: D(Q) —R
+oo

o s (T3 0) = / o9 (z) da.

—0o0

Let ¢ € D(Q), for all j € N, ©U) € D(Q) and supp ¢ C supp @, thus

+oo
/cp(”(:z:) dr = / 90(])(95) dz
—00 supp ¢

* The integral exists because it is the integral of a continuous function over

the compact set supp .
x T3 is linear on D(Q).

*x Let K be a compact subset of Q2 and ¢ € Dk (), we have

(T )] = / o9 () dz

< suplpW? |/1dx
zeK

< Ok Pr (),
where C = mes(K).
Ts is a distribution of order less than or equal to j.

4) Let ¢ in D(R) then there exists N > 0 such that supp ¢ C [—N, N]
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* First, let’s show that T is well-defined. Let’s define
|
Uy = Zw(E) —np(0) — ¢'(0) Inn. (2.4)
k=1

To calculate lirf Uy, we use the Taylor expansion to order 2 in the neigh-
n—-—+0o0

T U ( ) T ,( ) 2 R g ( )

Then
- . 1 / - 1 " /
wy =D 9(0)+) ¢/ (0)+ ) 56" () —n(0) — ¢/(0) In(n)
k=1 k=1 k=1
n n 1
nP(0) + 30 S (0)+ 30 " () = nip(0) — ¢ (0) nfo)
k=1 k=1
- 1 / o 1 1!
= z —In(n) | ¥'(0) + o2 f (cx)
k=1 k=1
Let’s define
T ﬁgo" (cx) ,w, = ( P ln(n)> .
k=1 k=1
We have
1 /! 1 1

# 15 a convergent Riemann series, according to the comparison cri-

terion v, 1s a sequence associated with a convergent series. Using the
comparison criterion with an integral, we can prove that the sequence v,

is convergent. So, Ty is well-defined.
* Ty 18 linear.

*x Let K be a compact subset of R and Let ¢ € Dk (R), there exists a > 0 such
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that K C [—a,a], so

(Tio) = lim [( -~ n(n >> P(0)+ ﬁsowck)]

n——+oo

n—-+0o

"1 "1
< I L ") i —
sup|i?(¢)| lim (Zk u(n) | + suple”(2)] lim > o

< S1Pk1(9) + S2 Pk 2(p)
< CPga(p).

Ty is a distribution of order m < 2.

5) T5 is not well-defined because for K = {0}, there exists a function ¢ € D(R) that

satisfies o = 1 in the neighborhood of K. By setting
Y(x) = e"p(x),
we find that there exist constants (¢;)o<i<k Such that

k
() = Y e (a

1=0
T) + Zciexgo(i) (z)
=1

the sequence ¥*)(x) = p(0) = 1 does not converge to 0, so the series is

divergent, and therefore Ts does not define a distribution.

6) Let ¢ be in D(R), there exists N > 0 such that suppe C [—N, N|, then for all
n > N, p(n) = 0. Thanks to the uniqueness of for alln > N, ¢™(n) = 0,

consequently

N
(Ts, ) Zso(” => ¢™(n)
n=0

Ty is well-defined because it is a ﬁmte sum. T is obviously linear. As for its
continuity, for all compact K in R and ¢ € Dg(R), there exists N > 0 such
that K C [N, N], so

(T, o)l < (N + 1) Prn ().
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The distribution Ty is not of finite order.

Correction of Exercise 8

1— Let ¢ € D(R), the Taylor expansion to order 1 in the neighborhood of 0 gives

@ (%) = ¢(0) + %w’(ck),

thus
= 1
(T, ) =) ﬁ@,(ck),
k=1
we deduce that
= 1
T, )| <suply'(z —,
(T )] < sup ['( )!; e
the series is absolutely convergent, then T is well-defined.

It is easy to show that T is linear. Let’s prove the continuity of T. Let K be a
compact subset of R, and ¢ € Dk (R), then

T is a distribution of order less than or equal to 1.

2— Assume that the order of T equals 0. Then, for all compacts K, there exists
C > 0 such that

(T, )| < CPro(p)

= Csup [p(z)],

zeR

For all n > 1, there ezists a function p, € D(R), satisfying supp ¢, C|0,2],

where ¢, =1 on [%, 1], and 0 < ¢, < 1, then

(T, ¢n) = :1 % (son <%> - %(0)) -
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since 1 € [+, 1], then ¢, (1) =1 and ¢, (0

~—

, thus

(7=
-

I
—

—

Since 220:1% is a divergent series, then (T, p,) — +00. On the other hand,

for K =10,2], we find

(T, pn)| < Csup [en(2)],
zeR
a contradiction with the fact that (T, p,) — +00.

Correction of Exercise 9

1) Let ¢ € D(R), we have

(Tt ) = —(T}, ¢)

= +/Oof (z)¢ (z)dx

oo
:/¢@m—/¢@m
—00 0
= 2(0)
= 2(0,¢)
Thus,
T} = 2.

We can obtain this result using the jump formula.

2) For all p € D(R)

:/mw@m
:jmﬂ@m_72M@m.
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Integration by parts yields

0 400
@)=~ [ et [ o)
—00 0
Thus, if we denote
1 f © > 0,
u(z) = iof x
-1 ifx <O,
for all ¢ € D(R), we find
+oo
T0) = [ ula)ole)do = (o).

This means that u is the distributional derivative of the absolute value function.

Correction of Exercise 10
1) Let’s calculate (Ty)" and (Tf)". We have

f/(l'): % Zf xe]_OQ%[
0 if x €], +ool

and
e Zf .1'6] —OO,E[

f”(l‘) — 2
According to the jump theorem
(Ty) =Ty + (f(a™) — f(a7)) ba,

fora =2Z, we have

NI

lim f(z) =0, lim f(x)=

z—a™t T—a~

N

SO

1
(Tf)/ = Tf’ - 5537
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To calculate the second derivative, using the jump formula twice, we have

(Ty)" = (Tf, - %5)

—(Ty) — %5

as
(T3) =Ty + (f'(a®) = f'(a™)) da,
and
oS @=0 i f@=0

s0

) =1
hence

1
"o Y
(Ty) = Tpn = 59%.
2) We notice that
Tyr = —T},

so Tt satisfies the differential equation

1
" Tt

Correction of Exercise 11
Let ¢ € D(R*) and a > 0 such that the support of  is contained in [—a,a]. Let T
be the distribution associated with the function In|z|. Then

<T/7 90> = _<T7 90/>

a

- —/gp'(m) In |z|da

54 y.benia@univ-alger.dz



2.5 Correction of the Exercises in Chapter 2 Chapter 2

We have
[ ¢ = m@ - [ £
= —p(e)In(e) —/@d
and
[ (=i = oy m(-a) 5 - [ 24
— o 5)111(5)—/%0136)6[
Furthermore,

(p(—¢) — p(e)) In(e) = (p(0) — e¢'(0) — ©(0) — £¢'(0) + o(e)) In(e)
= —2¢'(0)eIn(e) + o(eIn(e)).

eln(e) > 0 ase — 0, so

—& a

(T', o) = lim /@da:jt/@dx = (Vpi,gp).

e—0 x
—a €

Correction of Exercise 12
Let ¢ € D(R), and there exists a > 0 such that supp@ C [—a,a]. The first-order

Taylor formula is written as

o(x) = 0(0) + 2¢'(0) + 2°¢" (&),

/%dx: / %dcﬁ / @dwr/aw”(&x)dx‘

|z|>e |x|>e |z|>e —a

then

The second integral of the second term on the right-hand side vanishes because we
integrate an odd function over a symmetric interval, so

/%dxz?ﬁ—i— / ¢ (z) da,

£
|z[>e |z|>e
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thus
(T, )| <2a sup |¢"(z)]

z€[—a,a]

T is a distribution of order less than or equal to 2.
Now, let’s calculate the derivative of vp(L). For ¢ € D(R™), using integration

by parts, we find

(v(2) =-(o(2))

s
|z|>e
—  tm {s@(w)} N / 90(;0) dr.
e—0t T c T
|z|>e

However, using Hadamard’s lemma, when ¢ — 0,

G LI

thus
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CHAPTER 3

SEQUENCES AND SERIES OF
DISTRIBUTIONS

3.1 Introduction

Many distributions are defined through the limit of a sequence of reqular distributions
or as a sum of distributions. In this chapter, we present the concept of convergence

of sequences and series of distributions.

Chapter Objectives

o Get familiar with the concept of convergence of a sequence or series of distribu-

tions.

o7



3.2 Convergence of Distributions Chapter 3

3.2 Convergence of Distributions

The concept of convergence of distributions is also called weak convergence as follows:
3.1 Definition (Convergence in D'(2)) N
Let (T,)nen be a sequence of distributions and T € D'(2). We say that

(T})nen converges to T in D'(Q) if and only if for any test function ¢ € D(S),

the sequence of real numbers (T, ) converges to (T, ), i.e.,

lim (T,,¢) = (T,¢), Y€ D).

n—-+0o

3.2 Definition
Let (fn)nen be a sequence of locally integrable functions and (17}, ) be the se-

quence of associated regular distributions. If the sequence (1}, ), . converges
to a distribution T', we say that the sequence (f,)nen converges to T in the
sense of distributions, and we write

lim f,=T inD' (R").

n—oo

Example 3.1.

1) Let fn(z) = cos(nz), fn € Li.(R); therefore, Ty, € D'(R). For all ¢ € D(R), we

have
“+oo
(T}, ) = /COS(TL:E)(,O(?E) dxr — 0,
n—oo

then Ty, converges to 0 in D'(R).

2) Let n € N, the Dirac distribution 6, converges to 0 in D'(R). Indeed, for all

¢ € D(R), there exists ng > 0 such that supp ¢ C [—ng, no|, and we have

(0n, ) = p(n) =0, Vn >=ng.
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3.1 Theorem ]

Let (T,,)nen be a sequence of D'(Q2). If T, Dl?)

pe1, P par.

T, then for all « € NV,

Proof.
Let ¢ € D(R), and o € NV be a multi-index, we have

<DaTn7 90> = (_1)|a| <Tn’ Da‘p> nﬁoo (_1)‘a|<T> Da90> = <DaT> @)'
Hence, we get the desired result. O

Remark 3.1.
This property is of fundamental importance. Differentiation becomes an operation
that is always defined and continuous, whereas it is well-known that such a property

is entirely false for the standard differentiation of functions.

3.1 Proposition

The following conditions are sufficient for f, — f in D'(Q).
1) fo— fin LY(Q).

9) f, — f in L2(Q).

Proof.
1) Assume that f, — f in L'(Q). Then, for all ¢ € D(Q2) and for all n € N, we

have

/fn(éf)s&(fC) déf—/f(ﬂf)@(l') dx </|90($)| [fn(z) = f(z)| do
Q

Q Q

< S (@) 1 Fn = Fllsey

therefore f,, — f in D'(Q).
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2) Assume that f, — f in L?(Q2). According to the Cauchy-Schwarz inequality, for
all ¢ € D(Q) and for all n € N, we have

/fn(x)w(ﬂf) dl‘—/f(:v)so(ﬂf) dx </|90($)||fn($)—f($)|90($) dx
Q Q Q

< llepllzze 1fn = fll 2y »

consequently f, — f in D'(Q).

Remark 3.2.
According to the previous proposition, convergence in L' or L? implies convergence
in D'. In fact, it can be shown that convergence in LP with 1 < p < 400 implies

convergence in D’.

3.2 Theorem }
Let (fn)nen be a sequence of L*(RY) such that

1) supp f. C B(0,e,) with lim ¢, = 0.

n—-+o0o

2) Fora]]nEN,/fn(x)dle.

RN

3) Foralln €N, f, > 0.

then (fn)nen converges to § in D'(RY).

Proof.

60 y.benia@univ-alger.dz



3.2 Convergence of Distributions Chapter 3

Let ¢ € D(R), given the assumptions, applying the sequence (f,,)nen, We obtain

(u) = 6.0 = | [ fuladola)dz - o(0)

_ / ful) () — (0)) da

B(0,en)

< s lp() - p(0)] / fole) da

{L’EB(O,En)

< lelza) = 9(0)] =57 0,

while for all n € N, there exists x,, € B(0,¢,) such that

G%FJﬂ@—¢®NZWWM—¢®N

Example 3.2.
Let the function f defined by

Consider the sequence defined by
folz) =nf(nx), VYneN.
According to the previous theorem, we have

lim (7%,) = lim Ty, =&,

n—oo n—o0

as f, is differentiable on R, and then

lim | — P dr = —¢'(0 \vd D(R
1 e 2 plxr)dx , p e .
s o 90( ) 90( ) ( )
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3.2 Proposition (Uniform convergence on any compact set implies convergence in D’) ]

Let (fn),,en be a sequence of continuous functions on RN . If (f,),, oy converges
uniformly on any compact set to f, then (fy), .y converges in the sense of

distributions to f.

Proof.
For all ¢ € D(R), we have

(Tt ) = (Ty, )| < sup [f(x) = fulz)] sup | (z)|
reEK TeK

where K is a compact set containing the support of ¢. As ( f”)neN converges uni-
formly on K to f, the right-hand side of the previous inequality tends to 0 as n
tends to infinity. ]

3.8 Theorem }

Let (fn)nen be a sequence of functions in Li (€)) such that

~

1) f. — [ almost everywhere in )

2) there exists g € Li .(Q), | f.(x)| < g(x) for all n € N.

loc

then f, = f and f € L} ().

loc

Proof.

fn , f if and only if
Vo e D®), [ fulaole)de - [ fo)plo)do.
Q Q
Let ¢ € D(R), and suppp C K, for all € > 0, let K, = UKB(x, e), we have
S

On = fop = fe aein

Furthermore

[on(@)| = |fn(z)e(z)] < g(z)lp(x)] forall neN.
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gle| € LY(K.), then by Lebesgue’s dominated convergence theorem, fo € L'(K.)

and

Vo € DR), [ fal@)p(z)dz = [ f(2)p(z)dz.
/ /
and then f, —> f and f € LL (). O

3.3 Distribution Series

3.8 Definition
We consider the sequence of distributions (T5,), .. We say that the distri-

bution series Y T, defines a distribution T in D’ if the sequence of partial
neN
sums

n
Su =Y Ti
k=0
converges in the distribution sense to I', meaning

n
. Do D’
lim S, = lim E T.=T.

3.4 Theorem (term-by-term differentiation)

If the series _ T, converges to the distribution S, then the series Y D®T,
neN neN
converges to DS, that is

~

S:ZTn —>DaS:ZD°‘Tn.

neN neN
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3.4 Exercises on Chapter 3

Exercice 13.

Let the sequence (f,)nen be defined as

hiey={ " el
0 if zeCr(]—5,5]).

’ 2n

1) Study simple convergence.

2) Show that (f,)nen converges in D'(R) to the Dirac delta function 4.

Exercice 14.
Let (f)nen be a sequence of functions defined by

1
fo=— 7. @ €1=]0,+o0l.
L+a2?+ —
n

1— Show that f,, defines a distribution on I.

2— Show that the sequence (f,,)nen converges in D'(1).

Exercice 15.
Let (f,)nen be a sequence defined for all n € N by f,(z) = /ne ™",
+o0
Study the convergence of (f,)nen in D'(R). (hint: [ e dr = \/7.)

Exercice 16.

Show that the sequence of distributions (75,),,-, defined by
To=n(61—6.1), ¥neN,
converges to —2¢" in D'(R).

Exercice 17.

Let (fn),en be the sequence of functions defined by

sin(nx) if # 0
fulz) = :

n if z=0.

Show that (f,)nen converges in the sense of distributions to 4.
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Exercice 18.

What are the limits in D'(R), as n — o0, of the following sequences of functions

fn(a:>:%e—"%2 and Fn(:zc):l folt) dt.

Exercice 19.

For all n € N*, we consider the distribution 7}, defined by

1) Show that the sequence of distributions 7, tends to zero in D'(R).

2) Show that the numerical series with terms (7),, p) converges. Deduce that the

series of distributions with terms 7,, converges in D’'(R).

Exercice 20.

Study the convergence in D'(R) of the following series:

N N
P ICE
n=0 n=0

Hint: For the second series, take 1) equal to 1 in the neighborhood of 0 and then
consider p(z) = ¢ (x)e”.

Exercice 21.

Show that

T,hT - T — T/
h h—0

in the sense of distributions, for all 7" € D'(R).
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3.5 Correction of the Exercises in Chapter 3

Correction of Exercise 13

1) Let x € R*. There exists N € N such that

1 1
N, — < —XK
Vn > N, o < o S |z,

which implies that for alln > N, f,(x) = 0. In other words, for a certain

rank, fn.(x) =0, and thus

lim f,(z) =0 VzeR".

n—-+oo

2) Method 1: We have

1
2n

70fn(x) dz = /ndx = 1.

1
2n

Let ¢ € D(R). Since (0, ) = ¢(0), we have

[{fn o) = (0,0) = | [ (fal2)p(2) = ¢(0)) dw

TE[— 5,5k

2n’2n 2n

< sup fp(r) = (0)] [ nde

< lplan) = 9(0)] "= 0,

because for all n € N, there exists x, € [—%, %] such that

sup  [p(z) — ¢(0)] = [(zn) — ¢(0)].

xe[*%,%

Method 2: Let ¢ € D(R). We have

< furo > —p(0) = / n(p(z) — (0)) da,
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Let y = nx, then

1
2

< faurp > —(0) = / (so (%) - <p(0)) dy,

2

Using the mean value theorem, we deduce that

1 Y 1
< fo, 0> —0(0)] < — (—)— 0)<— 't)) — 0.
< farip > = >|\2nsy‘€1£‘p n) PO s gosw et =

Correction of Exercise 14

1) f, is continuous on I =]0,+o00[, so it belongs to L (I), therefore, f, € D'(I).

loc
2) As

fo—f, aeinl,

Inz

where f(z) = 1o

and there exists C' > 0 such that

[fa(@)p(x)] < Clp()], Vrel,

where f is in L (I), by the dominated convergence theorem, we deduce that

(fn)nen converges to f in D'(I).

Correction of Exercise 15
fn is continuous on R, so f, € LL (R), then f, € D'(R). Let p € D(R), using the
change of variable y = \/nz, we obtain

Applying the dominated convergence theorem to the sequence e*y2g0 (\/Lﬁ), which
converges almost everywhere in R to e’ngp(O) and is dominated by the function

sup |@(x)|e™", which belongs to the L'(R) space, we get

< frrp > Vmp(0) =< /76, >
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Correction of Exercise 16

For all ¢ € D(Q), we have

(5,010 = (39~ (129
2

Using a Taylor expansion to order 2 in the neighborhood of 0, we obtain
1 / 1 /! 1
<5% —0_1, 90> =p(0) + ' (0) + 559" (0) +o | 5
1 / 1 ! / 1
(60 - 20 + 50~ ()

2%90’(0) +o (%) +0 (%) :

thus

Jim n (5% - 5_%> — 9.

Correction of Exercise 17

Let ¢ € D(R), then there exists a > 0 such that supp ¢ C [—a,al, then

a

(fnsp) = /Mw(w) dz.

Let x be the characteristic function of the interval [—a, al, then

na “+o00

(fns0) = 0(0) / Sizy dy + / x() Sin(nx)M dz

—na — 00

As n tends to infinity, the first integral on the right-hand side converges to w6, and

the second integral converges to 0 by the dominated convergence theorem applied to

w(z)—p(

the sequence x(x) sin(nx) O which converges almost everywhere in R to 0 and

1s bounded by the function x X(@M; which 1s integrable on R.
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Correction of Exercise 18
fn is continuous on R, then f, € L. (), thus f, € D'(Q). Let p € D(Q), using the

change of variable u = nx, we obtain

+oo

(frr ) = fa(z)o(2) do

1 +oo 22
= NG /_ N e o(x)dx
+oo
— 1 -
-~ / ’
By the dominated convergence theorem applied to the sequence e‘“2<p <\/Lﬁ>, which

converges almost everywhere in R to e_“2<p(0) and is dominated by the function

sup |(x)|e™™ that belongs to the L'(R) space, we have

(fo / = p(0) =< 6,0 >,

(fn)nen converges to the Dirac delta function in D'(R).

We have N -
1
x) = /fn(t) dt = 7 / e du,

the sequence (fy)nen converges pointwise to the function F defined by

0 i x<0,
Flz)=4 1 if z=0,
1 of =>0.

By the dominated convergence theorem, we deduce that

/F dH/ dx_/H

—0o0

(Fy)nen converges to the function H in D'(R).

Correction of Exercise 19
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1) Let ¢ € D(R), we have

= (5.0) — (51,9) — — (9. )
=(d,¢) — <5%,¢> + % (0, ¢')
— o0 - (3 ) + 240)

Since ¢ is continuous, we have

1
li -] =
Jim o (n> »(0)
Therefore,
lim (7T),,¢) =0,

n—-+o00

the sequence of distributions T,, tends to 0 in D'(R).

2) Let p € D(R) and n € N*, applying the Taylor series to the function ¢ on the

interval [0, 1] to order two gives

© (l> = ¢(0) + %w/(o) + %sf)” (&n)

n 2n

where &, € [0, 1]. then

L, *
<Tn7(p> = _2_71290 (571) , VneN,

as @ is of class C* and has compact support on R, we can set

1
M = 2 sup"(x)].
zeR

s0,

M

n?’

Vn e N*, (T, ¢)| <

The series with terms # 1s convergent, by the comparison test, the numerical

series with terms (T, @) is absolutely convergent, and thus convergent.

Since, for all ¢, the series with terms (T, @) is convergent, we deduce that the

series of distributions with terms T, converges in D'(R).
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Correction of Exercise 20

1) Let ¢ € D(R), we have
TS Y I S

where the term on the right is well-defined; it is an example of a distribution

of infinite order (see [reference 21, 6]).

2) On the other hand, the second series does not converge in D'(R). To see this, it is
sufficient to consider 1 € D(R) equal to 1 in a neighborhood of 0 and evaluate
the series in question with the test function @(x) = ¥(x)e*. Indeed, for all
n € N, by the Leibniz formula, ™ (0) = 1, which ensures that the series

N N
<Z 5(")790> =DM 0) =Y (-1
n=0 n=0

is divergent.

Correction of Exercise 21

We have the following convergence

T,hT -T
h h—0

in D'(R), if and only if, for all p € D(R)

We have
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On the other hand,

then

gz +h) —p) o
h PR S

in D(R). Due to the continuity of T, we deduce that

Thp — @ . /
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CHAPTER 4

OPERATIONS ON DISTRIBUTIONS

4.1 Introduction

In this Chapter, we will delve into operations on distributions. Several operations
defined for functions can be extended in a similar manner for distributions. We also
introduce the concept of multiplication of a distribution by a C'*° function, which is a
crucial ingredient when dealing with differential equations with variable coefficients.

Similar to the concept of a function’s support, we define the support of a distribu-
tion. This 1s a somewhat technical aspect, but it is important as it has applications

in various mathematical branches like differential geometry and Lie group theory.

Chapter Objectives

e Understand how to solve differential equations in D'.

o (et acquainted with the notion of the support of a distribution.

4.2 Operations on Distributions

In all that follows, let T € D'(2).
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4.1 Definition (Addition)
The sum of two distributions T} and Ty in D'(2) is defined as:

(Ty + T, 0) = (Th, ) + (T2, 0), Ve € D(Q).

4.2 Definition (Multiplication by a Constant)

The multiplication of a distribution by a constant A\ € C is defined as:

(AT, p) = (T, A\p), Yo € D).

Remark 4.1. Based on the definitions above, we equip the space D'()) with the

structure of a vector space over C.

4.8 Definition (Restriction to an Open Set)

Let U be an open set in ). The restriction of T' to U, denoted as Tjy, is a

distribution on U defined by:
(T, o) = (T, ¢), Ve e D).

This definition makes sense because every element ¢ in D(U) can be consid-

ered as an element of D(2) by extending it as zero outside of U. The continuity

can be easily verified.

Example 4.1. §g« = 0. In fact, for all ¢ € D(R*), with suppy C R*, we have
©(0) =0, and thus:

—

Exercise 4.1. Show that vp (%) =

|R% x®

4.4 Definition (Translation of a Function)
Let f : RN — C be a function, and h € RY. The translation 7, f of f by h

is the function defined as:

f(z) = f(x —h), VaeeRM.
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Assuming that f € L} _(R), for all p € D(R), the associated reqular distribution

loc

of Tnf 1is given by:

(Tosr ) = / f(@ — W)p(z) de
- / f(@)p(z + h) de
- / F(@)7_nplz) da

- <Tf7 T_h(,O> .

This justifies the following definition.
4.5 Definition (Translation of a Distribution/Periodic Distribution)
We call the translation of T', denoted as 1,T, the distribution defined as:

(T, 0) = (T, 7_np), Vo € D).

The distribution T is called periodic with period h if 7, T =T.

Example 4.2. For all ¢ € D(Q2), we have

(Thd, ) = (0, T-np)
= T_np(0)
= ¢(h)
= (0n, ) ,

then

70 2 6.

4.6 Definition (Symmetric of a Function)

Let the function f : RY — C. The symmetric f of f is the function defined
as:

f(z) = f(—z), VzeRY.
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L The graph of f is symmetric to that of f with respect to the yy' axis.

Let f € L}, (R). For all p € D(R), we have:
+o0o
(£.0) = [ fa)pta)a

= +/Oof (2)p(—x) dx

=(f.9)-

4.7 Definition (Symmetric of a Distribution/Parity)

We call the symmetric of T, denoted as T, the distribution defined as:

<T, <p> —(T,3), Yy e D).

The distribution T is called even if T' = T, and it is called odd if T =—T.

Example 4.3.
For all ¢ € D(Q), we have:

= ¢(0)
= <6’ 90> .

So, 6= 0, and therefore, & is an even distribution.

The distribution 8 is odd, and it can be easily shown that &' = —§'.

Remark 4.2. Every distribution can be expressed as the sum of an even distribution

and an odd distribution.

There is no multiplication possible between two arbitrary distributions. However,

the multiplication of a distribution with a C* function can be defined.
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Let g € C*(Q) and f € L, (Q). Then gf € L, .(Q), and for all ¢ € D(Q), we

loc loc

have:

(9f.¢) = / F(@)g(@)p(x) du
Q

= (f,90).

We can extend this property to distributions.
4.8 Definition (Multiplication by a C* Function) 1 N
Let T € D'(Q) and f € C>*(Q). We define the product fT of a distribu-

tion and a function as follows:

(fT,p) =(T, fp), Vo eD).

Remark 4.3.
(fT,p) is well-defined because fo € D() for p € D(Q) and f € C*(Q).
Furthermore, if ¢ € Dg(Q2) for a compact set K in ), then fo € Dg(2), and

we have:

(fT, )| =T, fp)l <C sup  |D*(fp)l.

zeK,|al<m

Using the Leibniz formula, we obtain:

sup  [D(fe)l <C sup  |[DUf] sup D%,

zeK,|al<m €K, |al<m zeK,|la|l<m
which means:

[(fT, )| <C" sup |D%|, Vg e Dg(Q),

zeK,|a|l<m

where C" = C'SUP,c g jaj<m | D f|- This implies that fT € D'(Q) and the order of fT

15 lower than the order of T'.
Example 4.4.

1) Let f: R — C be a C* function that never vanishes. For all distributions T,
we have:

fT=0«<=1T=0.
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2) Let f € C*(Q) and a € Q. For all p € D(QY), we have:

(fdar ) = (0a, fp)

= (f(a)da, ©) -
Then,
fda = f(a)d,.
In particular,
xo0 = 0.
3) For all x € R, we have:
1
zvp— = 1.
x

1
Recall that the principal value of Cauchy, vp —, is the distribution defined by:
x

Vo € D(R), <Vp§,cp>zlim / Md:zc.

e—0 €T
|z|>e
So, for all ¢ € D(R), we have:
(o) = (wiom)
ITVPp =@ ) ={\VDP—,1p
T T
= ll_I)I(l) o(x)dx
|x|>e
—€ +oo
= lim /gp(x) da:—l—/go(x) dx
e—0
+oo
= / lo(x) dz
= <17 90> )

where 1 denotes the regqular distribution associated with the constant function

1.
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Remark 4.4. The relation xvp% = 1 1s extremely interesting because it allows us
to deduce that the inverse of x in the sense of distributions is the distribution vp%

and not L (which defines a reqular distribution).
Let f € C(R) and T € D'(R). By applying integration by parts, we obtain:
(fT) = fI'+ f'T,

in the sense of distributions.
4.1 Proposition (Equation T =0)
Let T € D'(R). If 2T =0, then T = ¢, where ¢ € R. w

Proof.
Let ¢ € D(R) and x € D(R) such that y = 1 in the neighborhood of 0. Define the

function ¢ as follows:
p(z)—p(0)x(x) if ¢ 7& 0

() = '
©'(0) if = 0.

As 2T = 0, we get:

Therefore,

where ¢ = (T, x). O

Example 4.5.

The function x — x—lz is mot locally integrable on R, and therefore, it cannot be
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associated with a reqular distribution. To eliminate the divergent part of the integral

f+oo el) for ¢ € D(R), we define the finite part as:

x (Pf%’¢> _ /0“” pla) +p(=2) = 20(0) -

T2

It can be easily verified that we have:

1 1 1
rtPf— =vp— and 2?Pf—= =1.
x? x x?

4.2 Proposition (Leibniz’s formula)
Let T € D'(Q), f € C®(Q), and i € {1,...,N}, then

9 of

T+ f

orT
81’1'.

Proof.
For all ¢ € D(Q2), we have

<aii(fT),<p> = -

Generalization (Leibniz’s formula)

Let T € D'(Q2), and
D(fe) = ) CID"fD* .

B<a
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4.3 Distributions with Compact Support

In this section, we will extend the bracket (I, p)p p to the case where the function
@ does not have compact support, which will allow us to define the convolution of

distributions.

4.9 Definition (Support of a distribution/nullification open set)

The support of a distribution T is denoted by supp T = Cqw, where w is
the largest open set on which T' is zero.

w is called the nullification open set of T'.

The existence of the open set w is gquaranteed by the following proposition:

4.3 Proposition

Let T € D'(QY). There exists a largest open set w C €) such that the restriction

T, is zero.

Proof.
Let (w;);c; be a family of open sets in Q such that 7j,, = 0. Let w be their union.
We need to show that 7}, = 0. For this, let ¢ € D(w). Since supp(yp) is a compact
set included in U, there exists a finite number of open sets wy, ..., w, such that
supp(y) C Uwi and T}, =0, Vi=1,... n.

i=1
Let (p;) i—1..., be a partition of unity associated with the covering of supp() by the
open sets (W;);;c,, then ¢ = >~ p;p with pip € D (w;). Consequently,

i=1

n n

(T 0) = (T.pig) =Y _(Thwy pisp) = 0.

i=1 =1

Example 4.6.
The support of a reqular distribution Ty is identical to the support of the function
f € L},.(Q), meaning

loc

supp (1) = supp(f).
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Indeed, if w is an open set of 0 on which T wvanishes, then:
(T,p) =0, Vo €D(w).

if and only if:
[ @t ds=o
Q
which s equivalent to:

f(z) =0 a.e. inw.

Example 4.7.
The support of the distribution associated with the Heaviside function [0, +oo|

Example 4.8.
The support of 0, is {a}, called a point support. Indeed, for all ¢ € D (Q2\ {a}), we

have:
<5a7 90> = 90<a) = 07

thus supp 6, C {a}. Conversely, there exists 1 = 1 in the neighborhood of a, then:

S0: a € supp dg.

Example 4.9.
Let o« € N", a € Q, and T is the distribution defined by

(T, ) = D%p(a), Vo € D(Q).

then supp(T) = {a}.
Indeed, if ¢ € D(Q\ {a}), we have

(T, ) =0,

so supp(T') C {a}. To prove that a € supp(T'), consider an open neighborhood V of
a and x € D(V) such that x =1 in the neighborhood of a. Let

(r —a)®

al

x(z),

p(z) =
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then ¢ € D(V). Using the Leibniz formula, we find that D*p(a) = 1; therefore,

a € supp(T).

Let E'(2) be the topological dual of the functional space E(Q) = C>(£2) equipped
with its natural topology.
4.1 Theorem

The injective application

Id: D(Q) — £(Q)

Is continuous.

Proof.

Consider (K;) as an exhaustive family of compact subsets of ). By definition, the
injection Dk, (2) — £(N) is continuous. According to Proposition 2.5.1, it follows
that Id is continuous since D(Q2) = |, Dk, ().

As a consequence of this result, every bounded subset of D(f2) is a bounded

subset of the space £(2). Furthermore, O
4.2 Theorem
The set D(S?) is a dense subspace in E(S). W
Proof.

Let (K;) be an exhaustive family of compact subsets of Q2. There exists a family of
functions in D(Q), denoted as (3;), such that 5; = 1 in each neighborhood of K;. If
v € D(Q), let p; = Bip € D(Q). It is easy to verify that ¢; — ¢ in D(Q).

On the other hand, we have the injection
E'(Q) —D'(Q)

So, any element 7' € £'(Q2) defines a distribution on €. O
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4.8 Theorem
T € £'(Q) if and only if there exists C' > 0, an integer m > 0, and a compact

set K C €2 such that:

(T,o) <C sup  [D%(x)], Ve e &(Q).

la|<m,zeK

Proof.
If T e £(R), there exists a neighborhood of 0 in £(2) of the form

V= {90 € 8<Q)v PK,m(@) < 8}7
such that
(T,p)| <1, VpeV.

Choose ¢ such that Py ,,(¢) # 0. Then, €/ Pk m(p) € V. It follows that

(T, )| < e Prm(®)

On the other hand, if ¢ € £(Q) satisfies Pk, (¢) = 0, then (T, ¢) = 0. Indeed, such
a function ¢ is in V' as well as the functions Ap, A € K. If (T, ) # 0, then | (T, Ap) |
can be chosen arbitrarily large, contradicting the first inequality. Therefore, the first

inequality holds for all ¢ € £(Q2). The rest of the proof is straightforward. O

More precisely, we will show that:
4.4 Theorem

The elements of the functional space £'(Q)) are distributions with compact

supports contained in €.

Proof.

In the previous proof, we showed that if 7' € £'(Q2), there exists € > 0, an integer
m > 0, and a compact set K in € such that for all p € £(Q) satisfying Pk ,.(¢) < &,
then | (T, ¢) | < 1. We also noticed that for all ¢ € £(Q) satisfying P (¢) = 0, we
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have | (T, )| = 0. Since all ¢ € D(Q2\ K) satisfy this condition, it follows that T
vanishes on 2\ K, and thus the support of T" is contained in K. O
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4.4 Exercises on Chapter 4

Exercice 22.

Let I be an open set in R. Show that
1) T,, > Tin D'(I), and f € C>(I). Then f1,, — fT in D'(I).
2) TeD(I),and f,, » f in C(I). Then f,T — fT in D'(I).
3) Forall f € C(I) and T € D'(I), we have
supp(f1') = supp f NsuppT.
In particular, if supp f NsuppT = &, then fT = 0.

Exercice 23.

Solve the following equations in D’'(R):
1) 2T =1.
2) 22T = 1.

Exercice 24.

Let f: R — C be a C* function, and ¢ be the Dirac measure.
1) Verify that fo = f(0)d, and deduce that zé6 = 0.

2) Verify that f§' = f£(0)6®> — f/(0)d, and deduce z§’ = —4, 22§’ = 0, and then
25 — g,

3) Show that L (f7) = LT+ fi.
4) Verify that zvp = = 1.

5) Show that, for a distribution 7" on R to satisfy 7 = 0, it is necessary and
sufficient for T' to be proportional to d.

6) Find the distributions 7" such that 27T = 1.
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Exercice 25.

Solve the following differential equations in D'(R):

1) TV =T =5.
2) T+ 2T = 4.
3) T'+T =H.

4) T' + T = 4.
5) T'+ fT = u, where T, u are distributions, and f € C*(R).
6) 7" —c*T =94.

Exercice 26.

Provide an example of a distribution 77 € D'(R) and a function ¢ € D(R) such
that supp(T) = {0}, »(0) = 0, and (T, ¢) # 0. More generally, if T € D'(R) and
1 € D(R), what conditions are required for 7" and v such that (T',¢) = 0?7 What
conditions should be imposed on 1, and ¥y € D(R) for (T, 1) = (T, 1)9)?

Exercice 27.

Let ¢ € D(R). Find the support of the following distributions.

1

2) (T, 0) = / 2 (z)dz.

—1
“+o00

3) (T3, p) = /cosxgo(m)dac.

—0o0

4) (Ts,0) = / sgn(a)!(2)da.

Exercice 28.

For all ¢ € D(R), consider the following distributions.
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+oo

1) (Th,9) = /gp(a:z) dz.

+o0o
2) (Ty, ) = /gp’(a:) cosz dx.

— 00

™

3) (Ts,p) = /(p (1'2) dx.

—+o00

4) Ty, p) = /gp’(a:) In(x) da.

—0o0

Are these distributions regular? Provide their order and support.

Exercice 29.

Let T be the application from D(R?) to C defined by

1

(T, p) = /gp(x,:c +1)dz.

1) Show that 7" is a distribution of finite order.

2) Determine the support of T'. Is T" of compact support?

Exercice 30.

Let T be the linear mapping from D(R) to C defined by

“+00

(T, ) = /ga(x,—w)dx.

—00

1) Show that T' € D'(R?). What is its order?

2) Determine the support of 7. Deduce that there are no continuous functions on

R? whose associated distribution is 7.

3) Calculate
or or

or Oy’
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4.5 Correction of the Exercises in Chapter 4

Correction of Exercise 22

1) For all ¢ € D(I), the function fT belongs to D(I), and we have
<an790>:<Tn7f¢>:<Tufcp>:<fT’S0> as n — o0.

2) Recall that f, — f in C°°(1I) if and only if for all integers k € N and all compact
subsets K C I,

sup |fP () — fP(z)] =0 asn— oo.
Since ¢ € D(I), then fop — fo in D(I). Thus, for all ¢ € D(I),
(faT ) =T, fup) = (T, fo) = (fT.p) asn — oo.
3) Let O =1\ (supp f NsuppT) and ¢ € C:°(0). As

supp(fy) = supp f Nsuppy C I\ supp T,

then
([T, ) = (T, fe) =0.

We conclude that fT is zero on any function ¢ € C°(O), which proves the

desired result.
Correction of Exercise 23

1) Let Ty and Ty be two solutions in D'(R) to the equation T = 1. Then Ty — T}

1 a solution to xT' = 0, which implies
Tg = T1 + 65,

where ¢ € C. Furthermore, T = vp (%) s a solution to the equation T = 1.

This leads to the conclusion that the set of solutions is

S:{Vp (1> +05,CE(C}.
x
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2) Similarly, we can express solutions in the form
T1 + 61(5 -+ 02617

where T1 is any solution, and ¢y and co are complex numbers. So, we just need

to find Ty such that x*Ty = 1. Let ¢ € D(R), then there exists a > 0 such that

(e (2) ¢
Vp( ),zw+x >
(2,0) +/ z/(

= (L

supp ¢ C [—a,a], and we have

o (2)e)

[SI= 8|

Thus, the set of solutions is

1
S = {Vp, (;) + 10 + 625/,01702 € C} .

Correction of Exercise 24

1) Let ¢ € D(R), we have

(f8,0) = (0, f) = f(0)(0) = (f(0)d, ),
thus f(x)8) = f(0)d, so, 26 = 0.
2) Let o € D(R), and f be a C* function on R, then
(f(0)0" = f(0)d, ) = —f(0)¢'(0) — £'(0)¢(0)

= —(f¢)'(0)
= (0, fo),

then
(f(0)0" — f(0)0,¢) = (fd', ) -
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For f(x) =z, and then f(x) = z*, we obtain
6 = —6,2%0 =0,
We can show by induction that

20 = —5m=1 e N.

3) Let ¢ € D(R), we have

df dar \ /. df dr
(L /)= (1)

4) For all ¢ € D(R), we have

< : > < : >
TVPp—, @ ) =\ VD, Tp
z z

= llg(l) o(x)de
|z|>e
—€ +oo

= lim /gp(x)dx+/g0(:p) dz

e—0

+o0
= /go(:r;) dz
= (L)

5) According to 2), x6 = 0. Conversely, let T be such that T = 0, then for all
v € D(R)
(2T, ¢) =0,
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thus
(T, xp) = 0.

But 1 is of the form xy if and only if (5,v) = 0.

6) We have
' =1,
As xvp% =1, then
1
x (T —Vp —) =0,
x
s0,
1
T =vp— + cod.
x
Correction of Exercise 25
1) We have
T — T =6,

by multiplying both sides by e™*, we find
e (T —cT)=e" ¢

as e~ 0 = ¢, then

s0,
(cT) =3,
but H' =6, so,
e T =H+c,
we deduce that
T =¢e"(H+c).
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[

x

2) By multiplying both sides of the equation T' + T = § by e~z , we obtain

As 5e§ =0, then

we deduce that

because H' = 6, thus

(M)

x

T=(H(x)+cle z.
3) We multiply both sides of the equation by e*

(T"+2T)e” = H(x)e",

then
(ue®) = H(x)e",
consequently
Te® = / H(t)e'dt + c.
As
e*—1 iof >0,

/ H(t)e' dt = /

e 0 if x <0,
then

T=(H(z)(e —1)+c)e™.
4) We multiply both sides of the equation by e® , thus
(T'+e*T)e* =e "¢,

SO

/
<T6_6ﬂ> =e .
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Moreover
f(@)d" = —f(0)5 + f(0)".
For f(x) =e ¢ ", we find

ey =—et+e

hence

—x

Te® " =—e'H(x)+e 5 +c,

then
T=(—e'Hx) +e'd+c)e "
5) Let F' be an antiderivative of f, we have
T+ f(2)T = u,
by multiplying both sides by e’ @ we find
(T + f(2)T) "' @ = e @),
then
(TeF(“”)), = uef' @),
T =e @ /u(x)eF("”) dz.
6) Let’s look for a particular solution of T" — *T = § in the form of T(x) =
H(x)f(z), where f is of class C*. As H' = ¢, H" = ¢, then
T"— AT =H(f'—f) + f(0)5 + f(0)¢

by identification f' —c*f =0, f(0) =1 and f(0) =0, f', thus

sinh(cx)

fx) =

C

We just need to add the general solution of the associated homogeneous equation

T(x) = Cy cosh(cz) + Cysinh(cx) + H(x)sinh(ca:)‘

Cc
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Correction of Exercise 26

Let T =0, then for all ¢ in D(R) such that ¢(0) =0 and ¢'(0) # 0, we have

(T,¢) = —¢'(0) # 0.

More generally, (T,v) = 0 as soon as v is zero in the vicinity of the support of T,
meaning that the supports of T and v are disjoint. We have (T, 1) = (T, 1) as

long as Y and 1y are equal in the vicinity of the support of T.

Correction of Exercise 27

1) supp Ty = {0}.

2) Let F' = [—1,1], and let’s show that supp Ty = [—1,1]. This amounts to demon-

strating that w =] — oo, —1[U]1, +o0] is the largest open set where Ty is zero.

* w 1S open since it’s a union of two open sets.

* Ty is zero on w, indeed, for all p € D(w), we have supp p C w, and (Ty, p) =
0.

* w 15 the largest open set where Ty is zero. We have
1 1
[a¢@ae = o0~ o(-1) - [ plae
e “1
So,

(T3, ) = (01, 0) = (0-1,0) = (T}, ),
where
1 o xze-1,1],
0 4 =¢[-1,1],
Let U be an open set in R larger than w. Then there ezists p € D(UN| —
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1,1[) such that o(x) > 0, and ¢(1) = p(—1) = 0. Hence,

1

Ty, 0) = (61, 0) — (61,0) — / o(z)dz

-1
1

= —/cp(x)dx <0,

~1
Thus, w is the largest open set in which Ty is zero.
3) Let F =R, and let’s show that supp T3 = R. This amounts to demonstrating
that w = ) is the largest open set where Ty is zero.
* W 1S open.
* T3 18 zero in w.
* Let U be an open non-empty set in R larger than w. Then there exist two

real numbers a and b such that [a,b] C U, and cosx > 0 or cosz < 0

on [a,b]. There also exists a function ¢ € D(la,b]) such that p(z) > 0.
Therefore,

<T37 90> 7& Oa

which implies that Ty does not vanish on any non-empty open set.

4) We have
(Ty, ) = —/Ow’(x)dx+/1¢’(x)dx

= p(—1) = 2p(0) — p(-1)

= (01 — 20 + 61, ).

Let FF = {-1,0,1}, and w = R\ {—1,0,1}. It can be shown that w is the
largest open set in which Ty is zero. Therefore, supp Ty = {—1,0,1}.

Correction of Exercise 28
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1) Let ¢ € D(R), there exists a > 0 such that supp ¢ C [—a,al. We have

—+00

Tio) = [ () ds

—00

Using the change of variable y = x2, we obtain

T(p) = /0 w(y)%dy

T is a reqular distribution associated with the function f : x +— \%H(x) It 1s

of order 0 and its support is suppT; = R*.

2) Let p € D(R), there exists a > 0 such that supp ¢ C [—a,a]. Integration by parts
gives

+o0
<B@=/¢@wwm

—00

= / o (2)e” da

= [gp(x}em2]a - /a 2ap(x)e” da

—a

T is a reqular distribution associated with the function f : x — —2ze®

3) Let p € D(R). Integration by parts gives

T

Tup) = [ o) do

0

= [¢(z) cos z|j + /07T o(x) sinzz dz
= —p(m) —(0) + /07r () sinz da.

Ty = =0 — 6o+ Ty where f : x = sinxZ(g (), this distribution is not regular.

It can be easily shown that its support is [0, 7.
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4) Let a > 0, for all ¢ € D(R) such that ¢ C [—a,al, we have
+oo
(@)l < [ 1¢@) el

A
gsup]gp'|/ | In x| dz
0

T is a distribution of order less than or equal to 1. Let’s show that the order

of T is not 0. Let the sequence (v )nen be a sequence defined by

_ ; 1
pul) =4 Z,f re bt
0 if ¢ [%,2} )
on € D([0,2]) and =1 < p, <0 .

Assume that T is of order 0. Then, there exists C' > 0 such that
(T4, on)| < C'sup |en| < C.

Furthermore, @, and the function In are of class C' on [%, 2], and

2
(T4, on) :/ o (z) In zdx

2n

[ e,

2n

1
1

2/ —dx
1x
> Inn.

So, Inn < C for all n, which leads to a contradiction.

As for the support of Ty, it is clear that suppT C R*. Furthermore, if z¢ > 0,
there exists § > 0 such that |xg — 6,29 + 6[C]0,+00[. So, if ¢ belongs to
D(|xg — 6,20 + d]), we can calculate (T, ) through integration by parts, for
xo € suppT'. Therefore |0, +oo[C supp T, and as suppT is closed, we deduce
that suppT = R™T.

Correction of Exercise 29
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1) Let K be a compact subset of R? and ¢ € Di(R?). We have

1

1
/go(x,x—l—l)dx :/]go(z,x—l—l)\ dz
0

0

< sup |o(z,y)|
(z,y)EK

< Prolp)-
T is a distribution of order 0.

2) Let A C R? such that
{(z,z+1); 0<x <1}

Let w=R*\ A. w is an open set, and for all D(w), we have

(T, ¥) :/go(x,x—i-l)dx:O.

Suppose that there exists an open set U larger than w such that T s zero in
U, then there exists r > 0, B(a,r) N U, with B(a,r) C U, and a test function
@ >0 and ¢ = 1 in the neighborhood of a. Then there exists € > 0 such that

oz, x+1)=1, Vre€la—ea+¢]

Therefore,
a+e a+e
(T, @) = /gp(x,:v%—l)dx = / ldx =2e > 0.

which is absurd, so suppT = A.

Correction of Exercise 30

1) Let K be a compact subset of R? and p € D (R?). Let K1 = {r € R, (z,—x) €

K}, which is compact since K is. We have

T, 0)] < (u/ dr | sup lo(zy)l.
(z,y)eK

T is a distribution of order 0.
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2) Let A C R? such that
A ={(z,—x), x € R}.

Let w =R?*\ A. w is an open set, and for all ¢ in D(w), we have
(T,¢) = 0.

Suppose that there exists an open set U larger than w such that T s zero in
U, then there exists r > 0, B(a,r) NU, with B(a,r) C U, and a test function
@ >0 and ¢ = 1 in the neighborhood of a. Then there exists € > 0 such that

plx,—x)=1, Vre€la—ea+¢]

Therefore,
a+e a+e
(T, @) = / oz, —z)dz = / ldz = 2¢ > 0.

which is absurd, thus suppT = A.

3) Let Y(x) = p(x,—x). Then

B 0
V(r) = 5o (e, —0) = 30 (, ),
then
or  oT d 9
<% . a_y’9”> —— (a—i(a:, —z) - a—;%, —x)) dr = [(«)]Z% = 0.
R
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